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CHAPTER 1

Algebraic and Analytic Structures

Definition 1.1. A binary operation on a set Sisamap Sx S — S.

Definition 1.2. A monoid is a set G with a binary operation that is associative, and having
a unit element e (so that G is nonempty).

Note that e is unique.

Definition 1.3. Say that a monoid G is commutative or abelian if the binary operation is
commutative.

Definition 1.4. A group G is a monoid, such that for every element x € G there exists an
element y € G such that xy = yx = e. Such an element y is called an inverse for x.

Note that such an inverse is unique.

Example 1.5. Let k be a field and V a vector space over k. Let GL(V) (general linear) denote
the set of invertible k-linear maps of V onto itself. Then GL(V) is a group under composition
of mappings. Similarly, let k be a field and let GL(n, k) be the set of invertible n-by-n matrices

with components in k. Then GL(n, k) is a group under the multiplication of matrices. For
n > 2, this group is not abelian.

Definition 1.6. A ring A is a set, together with two binary operations called multiplication

and addition respectively, and written as a product and as a sum respectively, satisfying the
following conditions:

RI 1. Ais a abelian group with respect to addition.
RI 2. A is a monoid with respect to multiplication.
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RI 3. Distributivity.

A ring is commutative if the multiplication is.

Definition 1.7. A field F is a commutative ring, if every nonzero element x € F has a
multiplicative inverse y € F.

Algebraic structures refer to sets with operations. An algebra refers to a vector space equipped
with a bilinear multiplication.

Example 1.8. Equivalence relations on sets of square matrices.

1.

. Matrices A, B € F™" are said to be similar by permutation, denoted by A ~p B, if there is

Matrices A, B € F*" are said to be similar, denoted by A ~ B, if there is a nonsingular
matrix S € GL(n, F) such that A = S'BS.

Matrices A,B € F™" are said to be congruent, denoted by A = B, if there is a non-
singular matrix S € GL(n,F) such that A = S*BS, where * denotes matrix conjugate
transposition.

Matrices A, B € R™" are said to be orthogonally similar, denoted by A ~( B, if there is
an orthogonal matrix U € O(n) such that A = U™'BU.

Matrices A, B € C™" are said to be unitarily similar, denoted by A ~y B, if there is a
unitary matrix U € U'(n) such that A= U™'BU.

a permutation matrix P € P(n) such that A = P~'BP.

Definition 1.9. A relation on a set is a partial order if it satisfies reflexivity, anti-symmetry,
and transitivity. A set with a partial order is called a partially ordered set or poset, denoted by
(S.3).

Read a < b as a precedes b or b supercedes a.

Definition 1.10. For real symmetric matrices A, B € S(n), define A < B if xTAx < xTBx for
all x € R". For Hermitian matrices A, B € H(n), define A < B if x*Ax < x*Bx for all x € C".
(S(n), <) and (H(n), <) are both posets. This partial order is called the Lowner order.
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Definition 1.11. For x, y € R", say that x is majorized by y, denoted by x < y, if
max x; < max y;
1<i<n 1<i<n

max (xil + xiz) < max (yil + yiz)
1<i1<iz<n 1<i1<iz<n

max X, +x,++x )< max Ly, ety )
1£i1<i2<---<in,1£n( n 2 ln—l) 1Si1<i2<"'<in71Sn(yll ylz yln—l

x1+x2+---+xn:y1+y2+~--+yn.

to inequality “<”.

Say that x is weakly majorized by y, denoted by x <, y, if the last equality above is changed

For example, (2,2,2)" < (1,2,3)" since < arranges vectors according to their level of fluctuation
when the average is the same. Also notice that (1, 2,3)" < (3,3, 3)" which shows that <,, orders

the level of fluctuation and the average in a combined way.

Neither the majorization < nor the weak majorization <,, is a partial order in R" since neither is
anti-symmetric. Nevertheless, both < and <,, are partial orders in R"/ =, the set of bags of n real

numbers. For simplicity, R"/ = will be denoted by R, in the sequel.

than =, (or =, is coarser than =;), denoted by =,<=,, if a =; b implies a =, b.

Definition 1.12. In a set S with two equivalence relations =; and =,, say that =, is finer

decreasing if a <5 b implies f(b) X1 f(a).

Definition 1.13. Let (S,<;s) and (T, <1) be two posets. Amap f : S — T is said to be
monotonically increasing if a <5 b implies f(a) <1 f(b). It is said to be monotonically

(H(n), <) to poset (R, <), i.e., if A < B, then tr A < tr B.

Example 1.14. The trace is a monotonically increasing function from poset (S(n), <) or

(R,, <) to (R, <) is also said to be Schur-concave.

Definition 1.15. A monotonically increasing function from a subset of (R,, <) to (R, <) is
also said to be Schur-convex. Likewise, a monotonically decreasing function from a subset of

A few definitions, followed by several relevant results, are as follows, mainly on majorization and

Schur-convexity.
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Definition 1.16. A T-transform is an n-by-n matrix T obtained from the identity matrix I,
by replacing a 2-by-2 principal submatrix corresponding to indices i # j with

t 1—-1t¢
(.5, ') reon

and leaving all other diagonal entries as 1 and all other off-diagonal entries as 0. That is, T
acts on a vector x € R" by averaging two components x; and x;:

(Tx); = tx; + (1 — t)x;, (Tx); = (1 = t)x; + tx,

and (Tx), = xi for all k = i, j.

Definition 1.17. A matrix A = (a;;) € R™" is said to be doubly stochastic if

n n
aij20, Zaijzl, Za,-jzl.
i=1 j=1

Theorem 1.18. The following are equivalent for x, y € R":

(i) There exists a finite sequence of T-transforms Ty, ..., T,, such that x = T, - T; y.
(ii) There exists a doubly stochastic matrix A such that x = Ay.

Proof. (i) = (ii): Each T-transform is doubly stochastic, since every row and column of its defining

2-by-2 block
t 1—-1t
(.5, ') reon

sums to 1, and all other diagonal entries are 1 with zeros elsewhere. Because the product of doubly
stochastic matrices is again doubly stochastic, the matrix A := T, --- T is doubly stochastic, and
hence x = Ay.

(it) = (i): Let A be a doubly stochastic matrix with x = Ay. Eliminate off-diagonal mass of A
iteratively using pairwise averaging operations supported on two coordinates at a time. Each step
replaces a 2-by-2 subblock of A by a matrix of the form (%, ';") without violating the row or
column sum constraints. After finitely many steps, the product of these transformations equals A.
Applying this factorization to y gives x = T,, -+ T; y as required. —



Algebraic and Analytic Structures

Theorem 1.19. Birkhoff-von Neumann* The set D, of all n-byn doubly stochastic matrices
is the convex hull of the set P, of all n-by-n permutation matrices. In particular, every A € D,,
can be written as

A=Y APr  A20, Y A =1,

o€S, 0ESy

where P, is the permutation matrix corresponding to o € S,,.

Proof. The inclusion conv(P,) € D, is immediate since every permutation matrix is doubly
stochastic and the class of doubly stochastic matrices is convex.

For the reverse inclusion, observe that D, is a bounded convex polytope in R™" defined by the
linear equations
Al =1, AT1=1, A>0.

Hence D, is the convex hull of its extreme points. It therefore suffices to show that the only
extreme points are the permutation matrices.

Suppose A = (a;;) € D, is not a permutation matrix. Then there exists at least one row, say the
r-th, containing two distinct positive entries a,;, a,;, > 0. Because each column sum is 1, there
exist rows s; # r and s, # r with a;,;, a,,;, > 0. Consider a perturbation E supported on the four
positions

(r, ), (r j2), (su o), (2 )

with entries +¢ arranged so that every row and column sum of E is zero. Then A + E remain
nonnegative and doubly stochastic for sufficiently small ¢ > 0, and
_ 1 1
A= E(A*}—E)-l- E(A_E)’
with A+ E # A — E. Hence A is not an extreme point. Therefore, every extreme point must have
exactly one 1 in each row and column and zeros elsewhere; that is, it is a permutation matrix, as
desired. 4

Theorem 1.20. Hardy-Littlewood-Pdlya For x,y € R" the following are equivalent:

(1) x is majorized by y.
(2) There exists a doubly stochastic matrix A such that x = Ay.
(3) Forevery convex ¢ : R = R,

n n

D) < ).

i=1 i=1

where if ¢ is strictly convex then equality holds iff x is a permutation of y.
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Proof. (2) = (3): Write x; = ) ; a;;y; with A = (a;;) doubly stochastic. By Jensen’s inequality
rowwise, #(x;) = ¢(; ai;y;) < X; ai;;$(y;). Summing over i and using ), a;; = 1 gives ), ¢p(x;) <
2. #(y)). If ¢ is strictly convex and ), ¢(x;) = 3. ; ¢(y;), then every Jensen step is tight, forcing
each row of A to concentrate on a single column; with column sums = 1 this implies A is a
permutation matrix, so x is a permutation of y.

(3) = (1): Taking ¢(u) = uyields },; x; = Y., ;. For any ¢ € R, the function ¢,(u) := (u —t), =
max{u — t,0} is convex, hence Y..(x; — t); < Y..(y; — t); for all ¢t. Let x*,y* be decreasing
rearrangements. For ¢t = xp, Y,(x} — 1), = Yk (x} — x}) = Y&, x' — kx}, and similarly for y*,

giving Yr, xt < 3y for all k. Together with the sum equality, this is x < y.

(1) = (2): Assume x < y. We shall construct a doubly stochastic matrix A such that x = Ay.
Choose the smallest index k for which 25:1 xt < Zle y*. Since the total sums are equal, there
exists some [ > k such that x; > y;". Replace the pair (y}, y/) by

) =yt +Q=y;, A=y +typ)

for a suitable ¢ € (0,1) so that the new vector y’ satisfies Y=, x! = 35, y/* and still y > x. This
operation is precisely a T-transform applied to (y}, y}). Repeating this procedure finitely many
times yields x = T,, --- T} y. By 1.18 we are done. —

Lemma 1.21. Schur-Ostrowski Let D C R" be convex and permutation-invariant, and
f : D —> R be C' and symmetric. Assume that for all x € D andi # j,

(x; — xj)(8if(x) - ajf(x)) > 0. (*)

Then f is Schur-convex on D.

Proof. By 1.20, it suffices to show that f does not increase under any single T-transform. Fix
x € D and indices i # j, and set a = x;, b = x;. Consider the averaging path z(¢), t € [0, 1], given

by
zi(t)=(1 —t)a+tb, zi(t)=ta+ (1 —1)b, zi(t) = xx (k ¢ {i, j}).

Define ¢(t) = f(z(t)). By the chain rule,
¢'(1) = (0:f(2(1)) = 3;f((1)) (b — a).
At each t, (*) applied at z(t) gives
(2:(8) = z;(D)) (3: f(2(1)) = 9;f (2(1))) = 0,

and since z;(t) — z;(t) = (1 — 2t)(a — b), we get ¢'(+) < 0 for ¢ € [0, ;] and ¢’(¢) > 0 for t € [3,1].
By f(2z(0)) = f(z(1)) we conclude that f does not increase along the averaging step. —
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Second Proof without 1.20. By symmetry of f, we may restrict to vectors arranged in nonincreasing
order:
X1 2 ves an’ yl 2 ves 2 yn_

Write the cumulative sums

k k
sk::Zx,- (k=1,...,n), Skt=Zyi,
i=1 i=1

with the convention sy = S, := 0. Majorization x < y is exactly the set of constraints
<S8 (k=1,...,n-1), s, =S,. (%)
Conversely, the variables (s, ..., s,_1) parametrize the feasible x via
xr=sr— s (k=1,...,n).

Consider F(sy, ..., s,-1) = f(x(s)) with s, fixed. By the chain rule and the dependence x; =
S¢ — Sk—1, wehavefork=1,...,n—1:
a n

a_fk =2, af() j—xk = 01 f(x) = Dpsr (). ()

Since x is sorted, x; > xi4;. Applying (%) with (i, j) = (k, k + 1) yields

(k= %) (0 f(X) = i f()) 20 = Ak f(x) = psn f(x) > 0.
By (%), this gives
oF
ask
Hence F is coordinatewise nondecreasing in (s, ..., s,_1). Under the constraints (x), F is therefore
maximized when each s; attains its upper bound Sy, i.e. at s = Si for k = 1,..., n — 1. This choice
recovers Xy = Sy — Sk_1 = Yk, so the maximizer is x = y and

vx<y: f(x)=F(s) <F(S) = f(y)

Thus f is Schur-convex. =

>0 (k=1,...,n—1).

Theorem 1.22. If f : R" — R is convex and symmetric, then f is Schur-convex.

Proof. Assume x < y. By 1.20 ((1) = (2)), there exists a doubly stochastic matrix A with x = Ay.
By 1.19 and the convexity and symmetry of f,

fx) = f(Ay) = f(Z Aapay> <Y Aef(Poy) = Y A f(3) = f(D). .
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Corollary 1.23. The Holder p-norms are Schur-convex. Cf. 2.5.

This is trivial by 1.22. The following proof uses 1.21 though, which is a stronger result than 1.22.

Proof. For g = Y.", x¥, we have 9,g(x) = p x/~" and, for p > 1, the map t + t”~! is increasing on
[0, c0). Hence for all i # j,

(3 — x)(9:g(x) — 2;8(x)) = p G — x) (" = xI71) >0,

so g is Schur-convex by 1.21. Monotone composition preserves Schur-convexity, giving | - |, for
p > 1. Finally, max; x; is Schur-convex (e.g., as a pointwise maximum of linear functionals), giving
the case p = oo.

For an alternative definition of 1.15, where <,, is used instead, the proof is trivial, for that p-norm
is coordinatewise nondecreasing. -

Definition 1.24. Let T be a subset of a poset (S, X). An element a € S is said to be a lower
bound of T if a < b for all b € T. Similarly, an element a € S is said to be an upper bound
of Tif b X aforall b € T. A lower bound a of T is said to be the greatest lower bound or
infimum of T, denoted by inf T, if ¢ < a for any other lower bound ¢ of T. An upper bound
a of T is said to be the least upper bound or supremum of T , denoted by sup T, if a < ¢ for
any other upper bound c of T.

Let a, b € S. Then inf{a, b} is also denoted by a A b, called the meet of a, b; and sup{a, b} is
also denoted by a Vv b, called the join of a, b.

Note that inf T and sup T, if exist, are unique.

Definition 1.25. A poset (S, <) is called a lattice if a A b and a Vv b exist for all a, b € S.

Theorem 1.26. A lattice is an algebraic structure (S, V, A), consisting of a set S and two binary,
commutative and associative operations.

Proof. We show that A is associative: inf{a, b, ¢} < aandinf{a, b, ¢} < b give thatinf{a, b, ¢} < anb.
Thus by inf{a, b, ¢} < ¢ we have that inf{a, b, ¢} < (a A b) A c. By transitivity we have also that
(anb)nc=<aand (anb)Ac<b.Obviously (aAb)Ac=<c. Thus(anb)Ac<inf{a, b, c} By
anti-symmetry we have that (a A b) A ¢ = inf{a, b, c}. The rest is trivial. —
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Example 1.27. Examples on lattices.

1. (IN,|) is a lattice. Here aA b is the greatest common divisor and aV b is the least common
multiple.

2. Let P be the set of all nonzero monic polynomials. Then (P, |) is also a lattice.

3. For a given set S, (25,Q) is a lattice. Here the meet and join are the intersection and
union respectively.

4. For the set of real-valued continuous functions on [0, 1], denoted by C([0, 1]), we say
f <gif f(x) < g(x) for all x € [0, 1]. (C([0, 1]), <) is a lattice with

(f A g)(x) = min{f(x), g(x)}, (f Vv g)(x) = max{f(x), g(x)}.

5. (8(n),<) and (H(n), <) are not lattices. Cf. 1.3.
6. For x, y € R,, if their entries have different total sums, then it is impossible to find their

meet or join under partial order <. Hence (R,, <) is not a lattice. On the other hand,
(R,,<,,) is a lattice. Cf. 1.4.

Definition 1.28. A lattice S is said to be distributive if for all a, b, ¢ € S,
an(bve)=(anb)v(anc) (1)

and
av(bnc)=(avb)n(avVve) (ii)

Cf. 1.29.

Theorem 1.29. (i) and (ii) in 1.25 are equivalent.

Proof. 4

Definition 1.30. A lattice S is modular if for all a, b, ¢ € S such that ¢ < a,

an(bvce)=(anb)v(anc)=(anb)ve.

Definition 1.31. Let T be a subset of lattice (S, X). Then (T, X) is a poset, and is said to be
a sublattice of (S, X) if it is a lattice and x V1 y and x A7 y in T are the same as x Vs y and
xNsyinSforall x,y € T.
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Definition 1.32. In a set S, a function d : Sx S — R is a metric if for any x, y, z € S,

1. d(x,y) > 0if x # y and d(x, y) = 0 if x = y. (Positivity)
2. d(x,y) = d(y, x). (Symmetry)
3. d(x,z) < d(x,y)+ d(y, z). (Triangle Inequality)

A set with a metric is a metric space.

Definition 1.33. A sequence {x;} in a metric space (S, d) converges if there is a x., € S such
that for each € > 0 there is a K > 0 such that d(x, x.) < € for all k > K. In this case, say
that {x;} has a limit x., and write limy_,., Xy = X. Say that {x;} is Cauchy if for each € > 0
there is a K > 0 such that d(x,,, x,,) < € for all m,n > K.

Note that every convergent sequence is Cauchy.

Definition 1.34. A metric space is said to be complete if every Cauchy sequence converges.
A metric space is said to be compact if every sequence has a convergent subsequence (with
limit in it).

Exercises

Exercise 3. * Show that the poset of real symmetric matrices (S(n), <) (1.10) and Hermitian
matrices (H(n), <) is not a lattice (1.25) when n > 1.

Pick two 2-by-2 real symmetric matrices A = <(1) g) and B = (g (1)> Note that A and B are

incomparable. Now we try to find a supremum of {A, B}. Say that C = (Z
solve for det(C — A) = det(C — B) = 0, which gives

ot = ( a +./(a— 1)a>
+\/(a—1)a a ’

b\ . o
) Intuitively we

where we require that a > 1.

Now we show that

o = ( a J(a— 1)a> and C- = ( a —/(a—- 1)a>
J(@a—1a a —J(@a-1a a

10
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are indeed the minimum upper bounds of {A, B}. Let Mj = C* — A and Mj = C* — B.

Suppose D > 0 is nonzero. If u; is a nonzero vector in ker(M;"), then either
u;Du; >0 = u/(M;—D)u, <0,

so Mf — D is not PSD; or else u; Du; = 0, which forces Du; = 0. Similarly, let u, € ker(M). If
u, Du, > 0 then M3 — D is not PSD; otherwise Du, = 0. But u,, u, are linearly independent, hence
if D kills both it must vanish identically, contradicting D # 0. Thus at least one of M;" — D or
M; — D ceases to be PSD, as desired.

C* and C™ are obviously incomparable. That is, the poset of real symmetric matrices (5(2), <) is
not a lattice. The rest cases for Hermitian matrices or n > 2 are trivial generalizations.

Exercise 4. Show that (R,, <,,) is a lattice by giving ways to compute the meet and join.
Also answer the following questions:

1. Is this lattice distributive? Is this lattice modular?
2. Is (N, <,,) a sublattice of (R,, <,,)?

to do

Exercise 5. 1.29.

Exercise 7. * 1.23.

Exercise 10. * For x,y € [0,0)", say that x is log majorized by y, denoted by x <o ¥, if
log x < log y, where the function log is applied elementwise. Show that x <., y implies
X <y Y

For each k € {1,..., n} define on R¥ function Fi(z) = Zf:l e“. Note that F; is C! and symmetric.
Forall x e Rkandi # J

(xi — xj)(aif(x) - c?jf(x)) = (x; — x;)(e" — ") > 0.

By 1.21, F is Schur convex. (Or immediately by 1.22.) By symmetry of F;, we may restrict to
vectors arranged in nonincreasing order:

X1 2 ves 2 Xn, yl 2 ves 2 yn_

11
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By x <log ¥ We have that log x!'% < log y*®, and hence

. k
Y % = F(log x*9) < Fy(log y* ) = Yy,

i=1 i=1

for each K, as desired.

12



CHAPTER 2

Linear Spaces

2.1 Linear Spaces and Linear Transformation

Let X and Y be vector spaces over F, U" and V subspaces of X, and A € L(X, Y).

Proposition 2.1. (X, C) is a lattice, where U AV =U' NV and U' VY = U + V. The set of
A-invariant subspaces is a lattice, under the partial order C. Hence it is a sublattice of the lattice
of all subspaces of X.

Definition 2.2. Denote
AU ={Au : ue U’}

and call it the image of U" under A. Let V be a subspace of ). Denote
AW={xeX : Ax eV}

and call it the inverse image of V. A may not be invertible. We have that R(A) = AX and
N'(A) = A {0}, where R denotes range and N denotes null.

Theorem 2.3. Suppose that U, Uy, V,, and V, are subspaces of X. Then

AU, + U3) = AU, + AU, (1)
AU, n ;) € AV, N AV, (2)
A7V + V) DAY, + ATY, (3)
A_I(VI n Vz) = A_lvl N A_IVZ. (4)

(2) becomes an equality if and only if
) NAnNnW+1V)=NANU;+ NA) N,
and (3) becomes an equality if and only if
(x%x) RA)NDV,+ V) =RA)NYV; + R(A) NV,

13
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Proof. Denote the equality version of (2) and (3) by (2%) and (3%). We only prove (2 *) < (*) and
(3 *) & (**) since the rest are trivial.

(2 %) = (*): Take n € N'(A) n (U + U3). Write n = x; + x, where x; € U;. Thus A(x; + x,) =0
and Ax, = —Ax, € AU} n AU,. By (2 *) there exists u € U} N U, such that Au = Ax; = —Ax,.
That is, {x; — u, x, + u} C N'(A). Then n = x; — u+ x, + u € N(A) n U7 + N'(A) n V. The other
direction is omitted as trivial.

(¥) = (2 %): Take n € AU, n AU,. Write n = Ax; = Axy, where Ax; € AU;. Thus x; — x, €
N (A)N(U;+13). By (%) there exist y; € N'(A)NV7 and y, € N'(A)NT5 such that y;—y, = x;—x,.
Thus x; — y; = x, — ¥, € U7 N Us. Hence n € A(U; N U3). The other direction is omitted as trivial.
(3 *) = (*x): Take n € R(A) N (V; + V,). Write n = Av, thusv € A”'(V; + V,). By (3 *) there exist
x; € A7V, and x, € A7V, such thatv = x;+x,. Hence n = Av = Ax;+Ax; € R(ANV,+R(A)NY,.
The other direction is omitted as trivial.

(+%) = (3 %): Take n € A7'(V; + V,). Then An € R(A) n (V; + V,). By (+*) there exist
Ax; € R(A)NV; and Ax, € R(A)NV, such that An = Ax;+Ax,. Thus A(n—x;) = Ax, € R(A)NV,.
Then n = x; + n — x;, where x; € A7V, and n — x; € AV, as desired. The other direction is
omitted as trivial. —

2.2 Normed Linear Space

Definition 2.4. A norm on a vector space X is a function || - | : & — [0, o) such that the
following properties hold for all u,v € X and all « € F:

(@) |u| = 0if and only if u = 0;

(b) laul = |al]ul;

©) [u+ol <lul +[ol-

A function satisfying only (b) and (c) is called a semi-norm. Note that a normed vector space is a
metric space (1.32), with the metric defined by (x, y) — |x — y|.

Definition 2.5. Holder p-norms, where p > 1 or p = oo, are defined on F" by

X1 X1

n 1/p
= | |P forp>1and || : = max |x;].
P
o 1<i<n

Xn

x,,p = o

The following result shows that Hoéleder p-norms are indeed norms.

14
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Theorem 2.6. Minkowski Forp >1andx = (x;,...,%,), ¥y = (J1,..., ¥n) € R",

lx+ vl < lxl, + 17,

Proof. For p > 1, the scalar function ¢(t) = [t|” is convex on R because

¢"(t) = p(p = D|t|* > 0.

Since the sum of convex functions is convex, it follows that
n
fx) =) ¢(x)
i=1

is convex on R”. Define the unit sublevel set
B,={xeR": f(x)/? <1} ={x : f(x) <1}k

Because f is convex, each set {x : f(x) < c} is convex. Hence B, is convex.

X

For arbitrary x, y, let a = |x[, and b = |y[,. Then %, € By, so

x+y _ a4 x b Ve
a+b a+ba a+bb 7

by convexity of B,,. Therefore,

Hx+y

<1 = |x+y|l,<a+b=|x],+ :
il Jx + ¥, lxl, + 11,

Comment. This is why we require p > 1 in 2.5. Note that the case where p = oo is trivial. Note
also that for any norm | - | with unit ball B = {x : |x| < 1}, the triangle inequality is equivalent
to convexity of B. Sets like B, that are convex and closed under scaling (x € S — Ax € S for

0 < A < 1) are called balanced.

Definition 2.7. For 1 < p < oo, define

(2) = { x = (x(kDez * Ixll, <0 },

where | - |, is the Hélder p-norm on F~.
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Definition 2.8. Ky Fan k-norms are defined on F” by

X1

' = max (Ixi1|+---+|xl~k|).
1<i1 <+<ip<n

Xn [k

Definition 2.9. Let A = (a;;) € F™" and let p € [1, 00) U {co}. The entrywise Holder p-norm
of A is defined by
|Alpe = | vec Al,,

where | - |, denotes the Hélder p-norm on R™".
In particular, for p = 2, the entrywise 2-norm coincides with the Frobenius norm:

m n %
|AlF = [Al,z = <Z > |a,»,»|2> = | Tr(AAY):.

i=1 j=1

Definition 2.10. Let A € F™" and 1 < p < oo. The induced p-norm (or operator p-norm) of
A is defined by

Ax
|Ax], = sup |Ax],.

IA], = sup
P e Ixly

where | - |, denotes the Hélder p-norm on R™.

Let 0,(A) denote the largest singular value of A, then

m n
|AlL = max ) layl,  [AL = 01(A),  JAle = max ) |ayl.
1<j<n i—1 1<i<m =

Definition 2.11. Let A € F™" and let 6,(A) > 02(A) > -+ > Ominfmnj(4) = 0 denote the

singular values of A. For 1 < p < oo, the Schatten p-norm of A is defined by

|Alp = [(o:(A),,

where | - |, denotes the Hélder p-norm on R™ntmn,

|Al; is called the trace norm, |A|, coincides with the Frobenius norm, and |Al is called the spectral
norm.

16
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We may define convergence of sequence over vector space and Cauchy sequence like 1.33, and
completeness like 1.34, expect that the metric is defined by d(x, y) = |x — y|. The following results
are stated without proof.

Theorem 2.12. Let|-|, and| - |z be norms on a finite-dimensional vector space X. Then there
exist finite positive constants C,, and Cy such that

Culxle < Ixlp < Culxle,  Vx € &X.

Definition 2.13. Say that two norms, denoted by | - |, and | - |5, are equivalent if for each
sequence of vectors {x;} in X,

lim x; = x with respect to | - ||, iff Ilim x; = x with respect to | - [ .

k—o0

Theorem 2.14. In a finite-dimensional vector space, all norms are equivalent.

Theorem 2.15. All finite-dimensional vector spaces are complete.

2.3 Condition Numbers: Linear Equation

Definition 2.16. A matrix norm | - | on F™" is said to be submultiplicative if for all matrices
A € F™" and B € F*?,
|AB| < | Al |BI.

Definition 2.17. For a nonsingular matrix A € F*" and a given matrix norm | - | on F*"
satisfying submultiplicativity, the condition number of A with respect to | - | is defined by

K(A) = [A] - AT,

By convention, if A is singular, we set xk(A) = co.

17
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Theorem 2.18. Properties of condition number.

(a) For any nonsingular A € F™",
k(A) > 1,

since

1= 1l =[AAT] < Al |A7'] = x(A).

(b) For any nonsingular A € F™" and scalar a € F \ {0},
k(@A) = |aA] - (@A) = lal|A] - la[ AT = x(A).

Thus, k(A) is invariant under nonzero scalar multiplication.

For A € C"", let 0,(A) > 0,(A) > -+ > 0,(A) > 0 denote the singular values of A (since A is
nonsingular).

Definition 2.19. Suppose we choose 2.10 as the norm. Then the spectral condition number

is defined by
01(A)

on(A)

Ko(A) = Al - |[A7 ] =

The spectral condition number is the ratio of the largest to the smallest singular value of A,
measuring the “stretching ratio” of A in the Euclidean space C".

Definition 2.20. Suppose we choose | - |r defined in 2.9 as the norm. Then the Frobenius
condition number is defined by

kr(4) = [Alr - |5 = (Z % (A)> <Z o.zzA))

i=1 i=1

The Frobenius condition number is less common in error analysis than the spectral condition
number, but is useful in numerical linear algebra for matrix approximation problems.

Definition 2.21. We like wise define k; and k.. For the 1-norm (column-sum norm),

n
||A||1 = max Z |aij|, KI(A) = ||A||1 : ||A_1||1-
1<j<n =1

18



Linear Spaces

For the co-norm (row-sum norm),

n
[Alo = max Y |a;, Keo(A) = [Ale - A7 .
1<i<n =

Note that k..(A) = k;1(A"), since |A|e = |AT]; and |[A e = [(AT) ;.

A central application of condition numbers is quantifying the sensitivity of solutions to linear

systems
Ax =b,

where A € F*" is nonsingular and b € F" \ {0}.

Suppose b is perturbed by Ab € F", leading to a perturbed solution x + Ax satisfying
A(x+ Ax) = b + Ab.

Then
AAx=Ab = Ax=A'Ab.

Taking vector norms (compatible with the matrix norm used for x(A)),

1]
[o] = [Ax] < [A]- x| = x| > =
|Al

|ax] = JATAb| < AT - |AD].
Combining these gives the relative error bound

|Ax] |AD]
— < k(A)—-.
|l 1]

Note that a large k(A) means small relative errors in b can cause large relative errors in x, making
A ill-conditioned.

Suppose A is perturbed by AA € F™") such that A + AA is nonsingular, and the perturbed system
(A+AA)(x+Ax)=b
holds. Expanding and neglecting the higher-order term AA Ax (valid for small |[AA]) gives
AAx = -AAx = Ax=-A"AAx.

Taking norms,

A AA
Iaxl _ o IaAl
I+l i

19
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We may improve this bound for small perturbations with

[Ax] =AY |AAl/]A]
lx + Ax] 1= x(A) [AAI/IAI

which holds when k(A) |AA|/|A] < 1.
If both A and b are perturbed (A — A+ AA, b — b + Ab), then

IAA] L [Ab]
A<l _ K(A)( Al Tl )

e+ Ax| = 11— (Al

valid for x(A) |[AA|/|A] < 1.

Exercises

Exercise 2. 2.3.

Exercise 10. Prove that a norm satisfying the parallelogram equality comes from an inner
product.

Proof. Real case. Define
(r,y) 2= (lx+ yl = lx = yI?).

Complex case. Define
(e, y) o= (e + yIP =l =y + illx + iyl — ilx — iyl?).

We prove only that the function in complex case is indeed an inner product. First note that
(x, x) = ||x|* satisfies positivity and definiteness. For conjugate symmetry, note that

(e y) = § (I + yIP =l = yIP =il + iyl + ilx — iyl?)
= 1 (b + ylP =l = ylP = ilil | = ix + yI? +i [ =il | +ix + yI)
= 1+ 9P = I = 9P = ily + ixl? + ily — ixl?) = (y, x).
Before we prove additivity and homogeneity in the first argument, set g(x) := |x|*. The parallelo-

gram identity is
q(u+v) + q(u—v) =2q(u) + 2q([) (Vu,v € V). (P)
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And define for x,y € V

() 1= 5 (g0 + ) = gl ) +igGe+ i) —ig(x— 1)) (©0)
Additivity. Fix y € V and x;, x, € V. First handle the real part. Apply (P) with u = x; + y, v = x:
q(x1 +x + y) + g0 — x2 + y) = 290 + ) + 2q(x2). (A1)
Apply (P) with u = x; — y, v = x:
qx1 +x = ¥) + g0 = x2 — y) = 29(x; = y) + 2q(x2). (A2)
Subtract (A2) from (A1):

(Q(xl +x+y)— qlx; + x;, — )/)) + (Q(xl =%+ y)—qlx — xp — J’))

A3
:2(‘](351"‘)/)—‘1(7(1—)’))' (43

Now swap x1, x, in the same derivation. Using u = x, + y,v = x; and u = x; — y, v = x; we obtain

(‘J(xl +x2+y) = qlxy +x; — y)) + (q(—xl +xp+y) = q(=x1 + x; — )/))

(A4)
=2(q(e + ) — q(xz — ¥)).
Since q is even, q(—x; + x, + y) = q(x; — x, F y). Substitute these into (A4) to get
(CI(xl +x,+y) = qlx + x, — )’)) + (Q(xl —x,—y)—qlx; — x + J/)) (A5)
= Z(Q(xz +y)—q(x; — J’))
Adding (A3) and (A5) cancels the middle terms and yields
2(q(x1 + 3+ y)— qlx + x — y))
(A6)
= 2<(q(x1 +y) — g — ) + (e + ¥) — q(x; — y)))-
Divide by 8 to obtain
Re(x; + x2, ¥) = Re(x1, y) + Re(xy, y). (A7)

For the imaginary part, replace y by iy in the previous argument. Repeating (A1)-(A6) with
y iy gives
Re<xl + X2, ly> = Re<x1’ ly> + Re<x2, l)/> (AS)

But by (C0),
tm(x, ) = £ (q0x +i) = 4Cx = i9) = Rex, iy). (49)
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Combining (A8) and (A9) gives
Im(x; + X3, y) = Im(xy, y) + Im(x3, y). (A10)

Together, (A7) and (A10) imply
(x1 4 %2, y) = (x1,¥) + (%2, Y). (Add)

Homogeneity.

(a) Integer and rational real scalars. From (Add) with x; = x, = -+ = x (induction) and the identity
(=x,y) = —(x, y) (obvious from (C0)), we have

(nx,y) =n{x,y) (VneZ). (H1)
Let r = 7 € Q with n # 0. Then by (H1),

n(rx,y) = (nrx,y) = (mx, y) = m(x, y),

hence
(rx,y) =r{x,y) (vreQ). (H2)

(b) Real scalars by continuity. The map t — (tx, y) is continuous because it is a linear combination
of continuous maps t — q(tx + y). Since Q is dense, (H2) extends to all ¢ € R:

(tx,y) = t{x,y) (Vt€eR). (H3)

(c) Multiplication by i. Using (C0) and the norm homogeneity |iz| = |z|,

(ix, y) = }L(q(ix +3) = qlix = y) +1qlix +iy) i qlix = 1Y)

= (4= ) - g+ i) +igGer ) -G - ) -

=g+ 1) = gl i) + i 5(40+ ) = 4x - )
=—Im(x,y) + i Re(x,y) = i(Re(x, y) + i Im(x, y)) = i(x,y).

(d) General complex scalars. For ¢ = a + ib with a,b € R, using (H3), (H4), and (Add) with
X = ax, x, = bx,

(ax,y) = (ax + b(ix), y) = (ax, y) + (b(ix), y) = al{x, y) + b (ix, y)

=(a+ib)x,y) = alx, y). (Hom)

(Add) and (Hom) gives linearity of (-, y) in the first argument over C. —
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Exercise 13. Prove that 2.5 and 2.8 are indeed norms in F".

2.5 are indeed norms, due to 2.6.

to do

23



CHAPTER 3

Matrix Factorizations and Decompositions

Theorem 3.1. Let A € C™". If A admits a right eigenvector v # 0 associated with eigenvalue
AeC, e
Av = Av,

then there exists a nonzero vector w such that
w A = Aw".

That is, a left eigenvector always exists corresponding to A.

Proof. Since Av = Av, we have det(A — AI) = 0. Taking conjugate transposes gives
det(A — AI) = det(A — AI) = det ((A — /U)*) = det(A* — AI) = 0.
Hence A is an eigenvalue of A*. Therefore, there exists a nonzero vector w satisfying
A*w = dw.
Taking conjugate transposes of both sides yields
w'A = Aw".

Thus w* is a left eigenvector of A associated with A. =

Definition 3.2. The set of eigenvalues of A, called the spectrum of A, is denoted by o(A).
The spectral radius of A € F*", denoted by p(A), is defined as

p(A) := max{|A| : Ais an eigenvalue of A}.

Definition 3.3. Let A = (a;;) € C™". For each pair of indices 1 < i, j < n, the algebraic
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cofactor of a;;, denoted by A}, is defined as
Ajj = (G det(A;j)s

where Aj; is the (n — 1) x (n — 1) matrix obtained from A by deleting the i-th row and j-th
column.

Definition 3.4. The cofactor matrix of A is the matrix
C(A) = (Aij)lgi,jgn:

whose (i, j)-entry is the algebraic cofactor of a;;.

Definition 3.5. The adjugate (or classical adjoint) of A, denoted by adj(A), is the transpose

of its cofactor matrix:
adj(A) = C(A)".

It satisfies the fundamental identity

A adj(A) = adj(A) A = det(A)I,.

Definition 3.6. Let A € C™" and z € C such that (zI — A) is invertible. The matrix function
R(z, A) = (zI — A)™*

is called the resolvent of A.

Theorem 3.7. From linear algebra, we know that

adj(zl — A)

(zI-A)' = o)

Theorem 3.8. Leverrier-Souriau—-Faddeeva—Frame Let

ca(z) = 2"+ a12" ' + a2 + - + ay,
adj(zl — A) = Biz" ' + Byz" % + - + B,.
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Then ay, ..., a, and By, ..., B, can be computed by the following formulas:

1
ai = _7 tI‘(BlA), l = l’ 25 ooy n:

Bi+1:BiA+ al’I, i:1,2,...,n—1.

By 3.7 we have
ca(2)I = adj(zI — A)(zI — A),

we have

(2" + a12" '+ a2+ o+ ay)l
= Biz" + (B, — BiA)z" ' + (B; — B,A)z" ? + - — B,A.

This gives B; = I, Bjy; = BBA+ a;l fori =1,2,...,n—1, and a,I + B,A = 0, giving an algorithm to
compute A™'.

Theorem 3.9. Cayley—-Hamilton c,(A)=0.

Proof. Using 3.8 we have

0=B,A+a,l
— (B, 1A+ a, DA+ a,l
=B, A"+ a, 1A+ a,l
= (By_s A+ ap,_,])A* + a,1A + a,l
= B, , A’ + a,,A* + a,1 A + a,l

= (BiA" '+ a; AV 4 o 4 4, , A%+ a, 1 A) + a,l]
=A"+ g A" 44 a, A+ ap] = cu(A) —

Definition 3.10. Let A € C™" with eigenvalues A, A,, ..., Ax (counted without repetition).
For each A;, denote by

m; = algebraic multiplicity of A;,
d; = geometric multiplicity of A; = dimker(A — A;T).
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The matrix A is called defective if there exists at least one eigenvalue A; such that
di < m;.
Equivalently, A does not possess a complete set of linearly independent eigenvectors and is

therefore not diagonalizable.
The matrix A is called nondefective if

d; =m; foralli,

that is, A has n linearly independent eigenvectors and is diagonalizable over C.

We can diagonalize a matrix by finding n linearly independent eigenvectors. Cf. 1.8. Similarity
transformation of a matrix corresponds to representing its underlying linear transformation on C"
in another basis.Hence easily, similar matrices share same eigenvalues and the same characteristic
polynomial. Note that having the same eigenvalues does not imply similarity.

Definition 3.11. A matrix A € C™" is said to be cyclic if there exists a vector x € C" such
that

{x, Ax, A’x, ..., A" 'x}

forms a basis of C". Such a vector x is called a cyclic vector for A. Equivalently, A is cyclic if
and only if its minimal polynomial has degree n.

Obviously, if A is cyclic, then A is similar to a Jordan block.

Lemma 3.12. For linear maps U, V on an n-dimensional space,

dim N (UV) < dim N (U) + dim N'(V).

Proof. By Sylvester’s rank inequality,

dimR(UV) > dimR(U) + dimR(V) — n.

Hence

dim N (UV) = n—dim R(UV)
<n—(dimRU)+dimR(V)—n)
= dim N'(U) + dim N'(V). 4
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Theorem 3.13. If A has a single eigenvalue with geometric multiplicity 1, then (A — AI) is
cyclic.

Proof. Set N := A — Al Then N has the sole eigenvalue 0 and dim A (N) = 1. By the Cayley—
Hamilton theorem applied to A — AI, the characteristic polynomial of N is t", hence N" = 0. Thus
N is nilpotent, and its nilpotency index is some s < n. We will show that s = n, i.e. N" = 0,
which suffices.

Apply 3.12 inductively with U = N and V = N*:
dim N'(N*1) < dim M (N) + dim N'(N5), (%)

which gives
dim N'(N*) < k dim N(N) = k
for all k > 1, since dim N'(N) = dimker N = 1.

Because N" = 0, we have ker N" = C", hence dim N (N") = n. But the inequality above says
dim M (N") < n, that is, each inequality in (x) is an equality. Therefore the nilpotency index s
equals n. In particular, N"™! # 0, as desired. —

Theorem 3.14. For each A € C™" there exists an invertible S € GL(n, C) such that

SAS = diag(Jy, ..., Jo),

where each block J; € C™"™ is itself a block—diagonal matrix

4
]l' = diag(,]il’.]l?» s]im,-)» Z n; =n,
i=1

and each J;; is a Jordan block associated with the eigenvalue A;:

Jl] = .. = Ai]kij =+ Nk

i)

with k;; = dim Ji; and Ny,, the nilpotent matrix having ones on the first superdiagonal and zeros
elsewhere. ¢ is the number of distinct eigenvalues, m; is the geometric multiplicity of A; and n;
the algebraic multiplicity of A;.

28



Matrix Factorizations and Decompositions

Definition 3.15. A matrix U is co-isometry if UU* = I.

A unitary matrix is both isometry and co-isometry.

Exercises

Exercise 5. Show the following.

1. Singular value decomposition: For A € F™", there exist unitary matrices U, V, and a
positive diagonal matrix ¥ such that

A=UXV".

2. Polar decomposition: For each A € ™", there exist a positive semidefinite matrix P and
a unitary matrix U such that
A=PU.

3. Cholesky factorization: A positive definite matrix A can be factorized as A = T*T where
T is upper triangular.
4. CS decomposition: For a 2n-by-2n unitary matrix W, there exist n-by-n unitary matrices

U;, U,, V3, V, such that
u ol|f[c =s][vi o
0V

where )
cos 6, sin 6,

cos 6, i sin 0,

for some 6; € [0, %], i=1,..,n.

1. Follows from spectral theorem, which follows from Schur decomposition theorem. Cf. Notes
on Linear Algebra.

2. Follows from SVD. Cf. Notes on Linear Algebra.
3. Follows from QR factorization. Cf. Notes on Linear Algebra.
4. todo
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Exercise 11. Show the following:

1. Let A € R™ and B € R™?. Then there exists C € R?™ such that BC = A if and only if
R(A) € R(B).

2. Let A € R» and B € R?"™. Then there exists C € R™? such that CB = A if and only if
N (B) C N(A).

1. That BC = A = R(A) C R(B) is trivial. We show the other direction. R(A) C R(B) implies
that Ax; € R(B), where {x;}"", is a basis of R™. Then there exist a list of vectors {y;}"", such that
By; = Ax;. {y;} and {x;} give C.

2. That CB = A = N'(B) C N'(A) is trivial. We show the other direction. Say that {x;}* , is a basis
of R(B), and let {y;}*, be a list such that By, = x;. Extend {x;}*, to {x;}{_, to be a basis of R?, and
extend {y;}5, to {y;}.., where y; = 0 for j > k. Then {x;}/_, and {Ay;}_, give C. N'(B) C N'(A) is
necessary, implying that {y,}¥ | spans R™ \ N'(A).

Alternatively, by that CB = A iff B*C* = A* and that N'(B) = (R(B))* and hence N'(B) C N (A)
ifft R(A «) C R(B"), it follows directly from (1).

Exercise 14. Consider linear equation
Ax=1b

where A € F™", b € F", and x € F". If A is square and nonsingular, we can get the unique
solution of the equation easily as x = A™'b. However, we are often interested in the case
when A is rectangular or singular.

1. Assume rank A = m. Then there may be infinitely many solutions. Show that the
minimum norm solution, i.e., the solution with the smallest 2-norm, is

x = A*(AA")'D.

2. Assume rank A = n. Then there may not be solutions. Show that the so-called least
square solution, i.e., the x which minimizes |Ax — b|,, is

x = (A*A)'AD.

3. In general, we are interested in the minimum norm least square solution, which is the
one with the smallest 2-norm among all x that minimizes |Ax — b|,. Show that the
minimum norm least square solution of the linear equation can be given in the form

x=A"b

for some matrix AT € F»™,
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4. For the linear equation

b =l

find its minimum norm least square solution.

It is a known result (cf. Notes on Linear Algebra) that x = A"b minimizes |Ax — b, and, among
all minimizers, has the smallest |x],. It then suffices for (1) and (2) to show that the expression
given for x coincides with ATx and for (3) to give the expression for A™.

Let A € F™" have the SVD

A=U2XV", UeF™", VeF"" X=

diag(oy,...,0,) 0
0 ol

where r = rank A and o; > 0. The Moore—Penrose pseudoinverse is

diag(o;%,...,0,") O]

AT =vxtur, > = )
0 0

Thus (3) is already solved.
For (1), r = m and 33* = diag(o?,..., 02) is invertible. We compute
AA* = UZ3*U*, (AA) = U(EZ) U™

Then
ANAA) = VU UEE) U = V(EEE) U = VETUT = AT

Therefore,
x = A"(AA)'b = A™b.

For (2), r = nand 3*3 = diag(o?, ..., 02) is invertible. We compute
AA= VSISV, (A*A) ) = V(ES) IV

Then
(A"A)TA" = VER)TVIVRTU = V(ETE) S U = VETUT = AT

Therefore,
x=(A"A)TAb = ATh.

For (4), we can directly optimize |Ax — b| or we can compute A': let

bl -l
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Since A = uv’,
A = |ullv] a”

already give an SVD of A, with
o1 = [ul o]

Thus

. 1 .. 1 111 3
A’=—vuT:TvuT:—[ ]
o lul?[v] 50 [2 6

Exercise 18. Show the following
L JAl, > p(A);
2. for each € > 0, there exists S € GL(n, F) such that [ST'AS|, < p(A) + €;
3. limy . A* = 0 iff p(A) < 1;
4. limy o |AMS = p(A).

to do
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CHAPTER 4

Matrix Analysis

Definition 4.1. A matrix A € F*" is Hermitian if A = A*, denoted by A € H(n, F).

Definition 4.2. A matrix A € F*" is skew Hermitian if A = —A*.

Theorem 4.3. The following statements are equivalent:

1. A>0.

2. eig(A) > 0.
ann o Ay

3.det| : - i|>0foralli=1,2,...,n
ain o Gy

The determinants in statement (3) of the above theorem are called leading principal minors. Thus
a Hermitian matrix is positive definite if and only if all its leading principal minors are positive.

Example 4.4. Matrix

is not positive semidefinite, but

az; A4z

det(a;;) =0 and det[a11 alz] =0.

Definition 4.5. Define the triple of the numbers of negative eigenvalues, zero eigenvalues,
and positive eigenvalues, all counted with multiplicity, as the inertia of A, denoted by

m(A) = {n_(A), m(A), m.(A)},
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where 7_(A), 1y(A), and 7, (A) are the numbers of negative, zero, and positive eigenvalues
of A, respectively. The signature of a matrix A is defined to be 7, (A) — 7_(A).

For example, an n-by-n positive definite matrix A has 7(A) = {0, 0, n}. Also note that the rank of
Ais . (A) + n_(A).

In the quadratic form x*Ax, if we make a variable change x = Tz where T € GL(n,F), then the
quadratic form becomes z*T*ATz. The corresponding matrix changes from A to T*AT.

Definition 4.6. The transformation from A to T*AT, where T is nonsingular, is called a
congruence transformation. The transformation from A to T-'AT, where T is nonsingular, is
called a similarity transformation.

An immediate consequence of the spectral theorem is that for each A € H(n,F), there exists a
T € GL(n,F) such that

L O 0
T*AT=| 0 Ogwm O
0 0 L

T*AT here is called a signature matrix, whose trace gives the signature of A.

Theorem 4.7. Sylvester For any Hermitian matrix A and any nonsingular matrix T, the
inertia of A remains unchanged under a congruence transformation:

m(T"AT) = n(A).

Proof. Say that

L. a 0 0
S*AS=1| 0 012504 0
0 0 —I; ()
where S € GL(n,F). Then
I, 0 0
T*AT =T*(S")™"| 0 Ogpw O |S'T.
0 0 —I;
Let
R=TS")7,

R+ = R1 1 (A)1: i (A)s

R_= Rn—ﬂ_(A)+1;n,n—7r_(A)+1;n~
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Then
RRE 0 0
T"AT=| 0 0 0
0 0 —RR*
R,R; and R_R* are clearly positive definite. Thus the inertia of T*AT equals that of A, as
desired. 4
Theorem 4.8. Let
All A12
A=1| . € H(n; + ny, IF),
[Alz AZZ] ( 1 2 )

where A;; is invertible. Then
n(A) = m(Ay) + n(A/Aq).

In particular, A > 0 if and only if both A;; > 0 and A/A;; > 0.

Proof. Cf. 8.3.
I _Al_llAlz A11 A12 I _A1_11A12 _ All 0
O I A;Z AZZ O I 0 A/All ’

Theorem 4.9. Let A € H(n). Denote by d(A) = [ayi, ..., ann] the vector of diagonal entries
and by A(A) = [A4, ..., A,] the vector of eigenvalues. Then

d(A) < A(A).

Proof. By the spectral theorem, A = UAU", where U is unitary and
A = diag(4y, ..., A,).

The diagonal entries of A are
di=a; = Z Aj'”ij|2-
j=1

The matrix S = (Ju;;|*) is doubly stochastic, since )} ; [u;j|* = 1 and }, |u;;* = 1. Therefore d(A) is
majorized by A(A). =

Theorem 4.10. Let A > 0 be an n-by-n positive semidefinite matrix with diagonal elements
dy > d, > - > d, and eigenvalues A\; > A, > -- > A,,. Then

d(A) <log A(A)
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In particular, for k = 1, we have the Hadamard inequality

det A< ﬁ d;.
i=1

Proof. Firstly, assume that H is positive definite, so the diagonal elements and eigenvalues are
all positive. Note that if f(t) is a convex function, then x < y implies [ f(xy),..., f(x.)]" <.,
[f(), ..., f(y)]". Therefore, applying the decreasing convex function f(t) = —Int to the
majorization d < A, we obtain the desired result. For general positive semidefinite matrices, the
statement still holds by a continuity argument. =

Theorem 4.11. Given d,A € R" satisfying d < A, there exists a real symmetric (hence
Hermitian) matrix with diagonal d and eigenvalues A.

Definition 4.12. In R™", define a partial order < for A, B € R™",
ASIB lﬁ a,-j S bl] for all l,]

A matrix A € R™" is said to be positive if 0 < A. The set of all positive m-by-n matrices
is denoted by R7". A matrix A € R™" is said to be nonnegative if 0 < A. The set of all
nonnegative m-by-n matrices is denoted by Ry’

The relation is called a partial order because not every pair of matrices is comparable.

Lemma 4.13. [f0 < B < A, then p(B) < p(A).

Proof. For nonnegative matrices A and B, B < A implies B < A*, which implies
IBEI* < AR,

Finally, by 3.18 we see
p(B) = lim |B|.L* < lim |AF].[* = p(A). —

Hence the function p from the poset (R™", <) to the poset (R, <) is monotonically increasing.
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Theorem 4.14. For A € Ry,

1rn<11<n Z a;; < p(A) < max Z a

1<i<n

and
n

< p(A) <L .
1m<]1<nZal] p(A) maXZaU

1<j<n

Theorem 4.15. Perron If A € R™" is positive, then
1. p(A) >0,
2. p(A) is a simple eigenvalue of A whose algebraic multiplicity equals 1,

3. A has a positive eigenvector for p(A),
4. all other eigenvalues have modulus less than p(A).

Definition 4.16. Consider A € RyY.

1. Ais called reducible if there exists a permutation matrix P such that

PTAP = [B C}

0 D|’
where B and D are square (of sizes k and n — k with 1 < k < n—1).

2. Ais called irreducible if it is not reducible.
3. Ais called primitive iff 3k € N such that A* € R™".

Theorem 4.17. When A &> 0, the following are equivalent.
(i) A is irreducible.

strongly connected.

(ii) For every nonempty proper subset S C {1, ..., n}, there existi € S and j ¢ S with a;; # 0.
(iii) The directed graph G(A) with vertices {1, ..., n} and an edge i — j whenever a;; > 0 is
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Theorem 4.18. Forn > 1,

R}" C {primitive matrices} C {irreducible matrices} C R{.

Proof. Suppose A is primitive, so A¥ > 0 for some k. If A were reducible, there exists a permutation
matrix Panda 1< r < n-—1with

B C
TAD —
P AP = [ 0 D]’
whence for allm > 1,
B™  x
T m __
(PTAP)" = [0 Dm},
whose lower-left block is still 0. Conjugating back gives (A™);; = 0 for all i > r > j, contradicting
AF > 0. Hence A is irreducible. —

Equivalently, a nonnegative A is primitive iff it is irreducible and aperiodic (the gcd of all directed
cycle lengths in G(A) equals 1).

Theorem 4.19. Frobenius If A € Ry}, then p(A) is an eigenvalue of A and there exists a
nonnegative corresponding eigenvector. Moreover, if A is irreducible, then

1. p(A) >0,
2. p(A) is a simple eigenvalue,
3. A has a positive eigenvector for p(A).

If A is primitive, all other eigenvalues of A have modulus strictly less than p(A).

For a nonnegative matrix A, its spectral radius is called the Perron-Frobenius eigenvalue, and a
nonnegative corresponding eigenvector is called a Perron-Frobenius eigenvector.

A nonnegative matrix S = [s;;] € R™" is called stochastic if each row sum equals 1, i.e.

n
Z s;j =1 foralli.
=1
If S and T are stochastic, then ST is also stochastic. The Perron—Frobenius eigenvalue of S is 1,
and one Perron-Frobenius eigenvector is e = [1,1,..., 1]".

A matrix M € C™" whose diagonal entries are nonnegative and off-diagonal entries are nonpositive
can always be expressed in the form
M = sl — A,

for some scalar s > 0 and some matrix A > 0.
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Definition 4.20. A matrix M = sI — A with A > 0 is called an M-matrix if s > p(A).

Every M-matrix has all its eigenvalues lying in the closed right half of the complex plane, with
the eigenvalue s — p(A) being the one closest to the origin.

Theorem 4.21. A matrix M is a nonsingular M-matrix if and only if its inverse M~ is
nonnegative.

Proof. (=): Write M = sI — B, where B > 0 and s > p(B). Then

o0

M1'=(I-B)"'= ! % (fi)k > 0.

s =

to do —

Definition 4.22. An M-matrix is called a Laplacian matrix if the sum of the entries in each
row equals zero.

Every Laplacian matrix has a zero eigenvalue, and all its other eigenvalues have positive real parts.

Definition 4.23. Given a simple graph G with n vertices vy, ..., v,, the associated Laplacian
matrix L € R™" is defined element-wise as

deg(v;) ifi=j,
Lij :=9-1 if i # j and v; is adjacent to v},

0 otherwise.
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CHAPTER 5

Singular Values

Variational characterization is a field of mathematical analysis that uses variations to find maxima
and minima of functionals: mappings from a set of functions to the real numbers.

Definition 5.1. For any A € H(n) and nonzero x € C", the Rayleigh (or Rayleigh—Ritz)
quotient R4 : C"\ {0} - R is

(Ax,x) x"Ax
(x,x)  x*x

Ru(x) =

The Rayleigh quotient of an eigenvector is the eigenvalue it corresponds to.

Theorem 5.2. For any A € H(n),
/Imin(A) < RA(x) < Amax(A)a
where

Amax(A) = max x" Ax, Amin(A) = min x"Ax.
eCcn eC"

Ixl=1 lxlz=1

Proof. Take eigendecomposition on A to get A = U*AU. Let y = Ux, we have

x"Ax = y'Ay = ), Ayl

i=1

Since A is Hermitian, all its eigenvalues are real. We have the following inequality:
n n n
Amin Z lyil* < Z Ailyil? < Amax Z lyil*.
i=1 i=1 i=1
Since the 2-norm is unitarily invariant, dividing by |x|4 completes the proof. =

Hence the Rayleigh quotient may be seen as a weighted average of the eigenvalues. Easily we
have that A,,,,(A) = max R4(x) and A,in(A) = min R4(x).
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Remark 5.3. For any A and B,

max f(A,B) > f(A,B) and f(A,B)> mjn f(A, B).

Therefore, for any A and B,
max f(A,B) > mgn f(A, B).

Taking the minimum over A and the maximum over B on both sides gives

. S . .
min max f(A,B) > max min f(A,B)

Theorem 5.4. Courant-Fischer Let A € H(n) with nonincreasing eigenvalues 1, > -
An. Then for1 < k < n,

\VJ

Ar= max min Ry(x)= min max R,(x).
dim U=k xeU\{0} dim U'=n—k+1 xeU \{0}

Corollary 5.5. Let A € C™" with nonincreasing singular values o1 > -+ > Owin(mn). Then for
1 < k < min(m, n),

or= max min |Ax|, = min  max |Ax],.
dim U=k xﬁ”f\{lo} dim U'=n—k+1 x”elﬁ'\{lo}
X|2= Xl|[2=

Theorem 5.6. For A € C™",
IACA)] <1og 7(A).

Proof. Let A € C*". By the Schur decomposition there exist a unitary matrix Q and an upper
triangular matrix T such that A = QTQ”, and the diagonal entries of T are the eigenvalues of A,
ie. T; = A(A) for i = 1,..., n. Since multiplication by unitary matrices does not change singular
values, 0,(A) = 0,(T) for all i. Fix k with 1 < k < n, and let T[k] denote the leading principal
k-by-k submatrix of T. Because T is upper triangular, T[k] is also upper triangular, hence

k
[T %A = | det T[k]l.
i=1

Two standard facts are used:

1. (Determinant-singular value bound) For any k-by-k matrix B with singular values o,(B) >
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2 0r(B) 20,

k
|det Bl < [ ] o:(B).
i=1

2. (Monotonicity of singular values for submatrices) If B is any k-by-k principal submatrix of an
n-by-n matrix M, then fori =1,..., k,

oi(B) < a,(M).
Applying these to T[k] yields
k k k k
[T =1det Tkl < [T o TIkD < [T ou(m) = [ ] ou(a),

and equality holds for k = n. Therefore [A(A)| <10z 0(A). —

Theorem 5.7. For A,B € C™", the singular values of the product satisfy
[6:(A)Tnis1(B)] <105 o(AB),

or equivalently, for every 1 < iy <ip < - <ip < n,

k k
[ o8 <] ] i@, (B).

with equality when k = n.

Theorem 5.8. For A, B € C™",
0(AB) <iog [0:(A)0i(B)],
or equivalently, for1 < k < n,

k k
[1o:4B) < [ ] oi(A)0u(B),

where equality holds for k = n.
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Lemma 5.9. Ky Fan Maximum Principle For X € H(n) and1 < k < n,

ScC

k
max Tr(PsX) = Y AH(X),
dim S=k Jj=1

where Ps denotes the orthogonal projection onto the subspace S.

Proof. Let X admit the spectral decomposition
n
X = Z A, A > > A, {w}l, orthonormal.
i=1

For any k-dimensional subspace S with orthogonal projector Ps,
TI'(P5X) = Tr(PS Z Aﬂ,{fu;) = Z /1,' Tr(Psuiu?) = Z AL‘ (Pgu,-, U,‘>.
i=1 i=1 i=1

Define p; := (Psu;, u;) = |Psu;||. Since Ps is an orthogonal projection,

0<p;<1 and Zpi:Tr(Ps):k.
i=1
Hence

n k k n—k
Ti(PsX) = Y Api= 3 A= 2 Aigi+ Y, At
i=1 i=1 i=1 i=1

where 0< ¢;<1,0<r,<1,and ), ¢ = ), r;, thus

k
Tr(PsX) < Y. A
i=1
Equality is achieved by taking S = span{u, ..., ux}, for which Psu; = u; if i < k and Psu; = 0

otherwise. —

Theorem 5.10. For A, B € H(n),

A(A + B) < AM(A) + AX(B).
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Proof. For X € H(n), let si(X) := Zle AH(X).
Apply 59to X = A+ B:

sx(A+ B) = max, Tr(PS(A + B)) = max (Tr(PSA) + Tr(PSB)).

dim

For any fixed S, Tr(PsA) < maXgiy, y=k Tr(PyA) = sx(A) and similarly Tr(PsB) < s¢(B). Hence
si(A+ B) < s (A) + sk (B) (1<k<n).

For k = n we have equality because s,(X) = Tr X is additive, as desired.

Theorem 5.11. For A, B € H(n),
A(A) + A'(B) < A(A + B),

or equivalently,
M(A + B) — AH(A) < A(B).

Theorem 5.12. For A, B € C™",
|c*(A) — o*(B)| <., o(A - B),

or equivalently, for any 1 < i; <i, < - <i < n,

k k
2 10i(4) = 0,(B) < 3 0 (A= B).

j=1

Corollary 5.13. For A,B € C*",

o(A + B) <,, 0*(A) + o*(B).

Definition 5.14. A norm |-| on C™" is unitarily invariant if it satisfies
y
|U*AV] = |A]

for all unitary U and V.
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Definition 5.15. A function ® : R" — R is called a symmetric gauge function if it satisfies
the following conditions:

®(x) > 0 and &(x) = 0 if and only if x = 0,

®(Ax) = [A|®(x) for any A € R,

O(x + y) < d(x) + D(y),

®(Px) = ®(x) for any permutation matrix P,

®(|x[) = @(x), where [x| = (|x], |xel, ..., [xal).

N

Theorem 5.16. von Neumann There is a one-to-one correspondence between unitarily
invariant norms | - | on C™" and symmetric gauge functions ® on R", determined by

|A] = &(a(A)),

where o(A) denotes the vector of singular values of A.

Theorem 5.17. Let the singular value decompositions of A,B € C™" be A = Us2,V; and
B = UgXpVj, respectively. Then, for all unitarily invariant norms,

|24 — 25l < |A - BI.

Definition 5.18. A norm | - | over C™" is called symmetric if for any A, B, C € C™",

IBAC| < 61(B)o1(O)]Al.

Theorem 5.19. A norm is symmetric if and only if it is unitarily invariant.

Theorem 5.20. All unitarily invariant (that is, symmetric) norms are submultiplicative.

Theorem 5.21. The Frobenius norm is unitarily invariant; for any unitary U € C™™ and
VecC™,
IUAVIF = |Alr.
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Hence

Z Z la;;|? = Jtr(A*A) =

i=1 j=1

|AlF =

Theorem 5.22. The Frobenius norm satisfies:

1. It is a matrix norm, i.e. nonnegativity, positive homogeneity, and triangle inequality hold.
2. It is consistent with the Euclidean norm on vectors.
3. It is submultiplicative (2.16).

Corollary 5.23. For any A € F™",
lAl < 1AlF < V1A,

where r = min(m, n). Hence the spectral norm | - |, and Frobenius norm | - |r are equivalent.

Theorem 5.24. Schmidt-Mirsky-Eckart-Young For both the induced 2-norm | - |, and
the Frobenius norm | - |, the truncated singular value decomposition (SVD) gives the best rank-k
approximation:

|JA—Ai]| <|A—-X]|, forall rank-k matrices X.

Moreover, the approximation error is given by

Oks1> for the induced | - |, norm,

|A = Ayl = 5
Z o, forthe|-|r norm.
i=k+1

Exercises

46



Singular Values

Exercise 1. Show that for given matrices A, B, C of appropriate sizes, it holds that

] A Bl| _ [A B] A
xeew | [c x|| T H el [
2 2
Find a minimizer.
Proof. Let
A B A
M(X)::[C X}, M, :=[A B], MZ::M.

It is trivial by 2.10 that
||M(X)||2 > maX{"Ml ||2, ||Mz||2}

I don’t know how to show it but it seems that
X* :=CA'B

is a minimizer.

Exercise 5. 5.10

47



CHAPTER 6

Angles and Metrics between Subspace

Definition 6.1. The Riemann sphere is defined as C U {oo} satisfying the following arithmetic
operations:

1. z+4 00 = oo forany z € C, and oo 4 oo = 0.

2. zxoo=o0forany z # 0 € C, and oo x 0o = o0,

3. z/0 = coforany z # 0 € C, and 0/0 = oo.

4, z/o00 =0 for any z € C.

One possible realization is to treat the complex plane as a tangent plane to the corresponding
Riemann sphere at its bottom, given by the equation

ey (-3 = ()

which characterizes a unit diameter sphere S? in R®. Let N = (0,0, 1) be the north pole of the
sphere.

Definition 6.2. The stereographic projection mapping p : C — S*\ N is defined as

) (Re z,Im z, |z|*)
Z =
P 1+ |22

Definition 6.3. The chordal metric d : S? x S — R is defined as

2|z — w|
JU+ 122 1+ w2

d(p(z), p(w)) =

It measures the length of the chord (arc) connecting the stereographic projections of z, w onto the
Riemann sphere.
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CHAPTER 8

Special Topics

Definition 8.1. For a square matrix X € C™", the matrix exponential is defined by the power

series
o <k 2 3

X
=Y =T X+ e
£kl 2! " 3l

where X° = 1.

Theorem 8.2. For any square matrix X and invertible Y of the same dimension:

1. " =1.

2. exp(XT) = (exp X)" and exp(X) = exp X.
3. e¥XV = yeXy 1,

4. If XY = YX, then eXe' = eX*7,

5. For scalars a, b € C, e*XebtX = gla+h)X

6. eXe X =1

The matrix exponential naturally arises in systems of linear differential equations. For the scalar
equation y’ = ay, the solution is y(t) = e*y(0). For a system y’ = Ay with A € C™", the solution
is

y(t) = e (0).
If A has n independent eigenvectors, then A = VAV~ for A = diag(4,, ..., 4,), and

et 0
e =VeMVTi=V v

Thus the solution to y’ = Ay is
y(t) = eAtJ/(O) = Cle/htxl + -+ Cnell"txn’

where x; are eigenvectors of A.
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Definition 8.3. Let

A= A Ap EIF(n1+n2),(m1+mz)_
Ay Ay

If A;; is invertible, then the Schur complement of A;; in A is denoted A/A;;. In particular,
A/All = Ay — A21A1_11A12,

A/AIZ = A21 - A22A1_21A11,
A/A21 =Ap— AnA;fAzz,

Application to linear equations. Consider

A/Azz = Ay — A12A521A21-
[A B] [x

- L]

Assuming A is invertible, eliminate x via x = A™'(u — By) to obtain

(D-CA'B)y =v—-CA '

C D

Theorem 8.4. Assume the required inverses exist. Then:

1. det(A) = det(A;;) det(A/Ay).
2. det(A) = det(A,;) det(A/Ay).

3. ) .
Al = Aﬁl + A1711A12(A/A11)711421141711 —1417111412(14/1411)71
—(A/All)_lAmAl_ll (A/An)™! ’
4.
Al = (A/Az)™! —(A/AR) TARA;,
| —A% An(A/Ag)™ Ay + Ay An(A/Ag) A Ay, |
5.

_|(A/AR)TT (AJAR)T

AT s (a/an

Definition 8.5. Let A € F™" and B € F?9. The Kronecker product of A and B is

auB alnB
A®B= : : e FPna,
amlB am,,B
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Theorem 8.6. Let A € F™", B € F?4, C € F*¢, and D € F?'.

. (A® B)(C® D) = (AC) ® (BD).

. If A, B are invertible, (A® B)' = A7 @ B..

. If A, B are square, c(A ® B) = o(A)o(B).

. If A, B are positive semidefinite (or definite), so is A ® B.
. If A, B are unitary, so is A ® B.

G AN LW N =

Theorem 8.7. For A € F*™ X € F™" and B € ™9,

vec(AXB) = (B" ® A) vec(X).

Definition 8.8. For square matrices A € F*“ and B € F?t, define Kronecker sum to be

A®B=AQ®I, +1,®B.

Definition 8.9. For A, B € F™", the Hadamard product is the entrywise product

AoB= [aljblj] € IFm’n.

Theorem 8.10. Schur Product Theorem If A and B are positive semidefinite, then A o B is
also positive semidefinite.

Theorem 8.11. For matrices A, B, C of the same size and scalar k,

AsB=BoA,
Ao(BoC)=(AoB)sC,
Ao(B+C)=A-B+A-C,
(kA)o B = Ao (kB) = k(A - B),
Ao0=00A=0.
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Theorem 8.12. If A, C have the same dimensions and B, D likewise, then

(A®B)o(C®D)=(A-C)®(B-D).
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APPENDIX A

Homework

A1l

2. 123

3. 1.10

4. Let C be equipped with the Euclidean metric and with the chordal metric (6.3). If {z;} is
a sequence in C that is Cauchy (1.33) with respect to one of these metrics, is it necessarily
Cauchy with respect to the other?

(1) If {z} is Cauchy with respect to the Euclidean metric, then for each € > 0 there is a K > 0 such

that
2|Zm - znl

J1+[zml? 1+ |2,
for all m, n > K. That is, {z;} is Cauchy with respect to the chordal metric.

1
d(p(zm), p(2z,)) = < 20z — 24| < 2- Je=e

(2) The other direction does not hold, considering a counterexample {z;} where z; = i € N.

A.2

2. Show that 2.9 and 2.10 are indeed norms for p = 1, 2, co.
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We prove the triangle inequality for 2.9. Note that |A + B|, s < |Al, £ + |Bl,,z iff | vec(A + B)|, <
| vec Al, + | vec B|, iff | vec A + vec B|, < | vec A|, + | vec B|,, but | - |, is a norm, so we are done.

For the triangle inequality for 2.10, again by that | - |, is a norm we have that

|A+ B|, = sup |[(A+ B)x|, = sup |Ax + Bx]|,

Ixl,=1 lxlp=1

< sup (|Ax], + [Bx[,) < sup [Ax], + sup |Bx],

Ixlp,=1 Ixl,=1 Ixl,=1

= |Al, + 1B,

3. (This is the real homework. The preceding one was mistaken.) Verify whether 2.9 and
2.10 are submultiplicative for p = 1, 2, co.

Let A € ™", B € F™".
For 2.9, if p=1:
|4Bliz = Y| D aube| < X lawllbil = 3 (3 lawd ) (X161
ij ok ijk k i j

Since all terms are nonnegative,

Y Zlaut) (S oul) < (Xlaul ) (X 10w]) = 14he 1Bz

Hence |AB; < [Al1£]Bl. £
If p=2:

2

IABI: = Y Y| awbu| -

i=1 j=1 k=1

For each fixed pair (i, j), apply the Cauchy-Schwarz inequality to the vectors (aik) 12:1 and (b;C j) ;:1:

> awbe| < (X law) (3 ).
k=1 k=1 k=1

Summing over i, j yields
ABE < 3 (Xl ) ( X 1bl) = (X laul ) ( X 15usl) = JALE 1B
ij  k k ik k,j

Taking square roots gives |AB|r < |Alr | B|r-
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When p = oo, the submultiplicativity does not hold for 2.9. Consider
11 11
=) o=00)
2 2
AB = (2 2) ’

Then |Alwr = |Blwr = 1. But

SO
[ABloy=2>1-1.
For 2.10,
| ABx| | ABx|, | Bx|
|AB|, = sup = ——F = e
x#0 ”x"p x#0 ”Bx"p "x”p
| Ax| | Bx|
<su 2 sup = = | Al,|Bl,.
x#0 ”x"p x#0 "x”p
4. 2.10
A.3
1. 35
2. 3.11
3. 3.14
A4

1. What additional condition on a nonsingular M-matrix M ensures that M~' > 0? Moreover,
if M = eI + L, where L is a graph Laplacian, what corresponding condition on the underlying
graph ensures that M~' > 0 for all £ > 0?
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Write M = sI — B, where B > 0 and s > p(B). Then

(o8]

M1=(sI—B)y'=1 y (E)k.

sEi\s
Note that the (i, j)-th entry of B* is positive if and only if there exists a directed walk of length k
from vertex j to i in the digraph associated with B. Therefore, M~! > 0 holds if and only if for all
i, j there exists k with (B¥);; > 0, which is equivalent to the digraph of B being strongly connected.
Hence:

M'>0 <« Misirreducible.

For M = eI + L with ¢ > 0, where L is a graph Laplacian, write
M=D-— A, D= dlag(€ + di), A= (le)lij

Then M = D(I — P) with P = D' A > 0 satisfying p(P) < 1, and hence
M =(-P)'D" = ( Y Pk>D‘1.
k=0

The matrix P is irreducible if and only if the underlying graph is strongly connected. In that case,
Yis0 PF > 0, yielding M~! > 0. Conversely, if the graph is not strongly connected, M is reducible
and some entries of M ™' must vanish. Thus the condition on the underlying graph is that it has to
be strongly connected.

2. If x(0) > 0 and x(¢) = —Mx(t), where M is a given M-matrix, show that x(¢) > 0, for all
t>0.

Proof. Note that A := —M has nonnegative off-diagonal entries, i.e. A is a Metzler matrix. We
claim that for any Metzler matrix A, e*’ > 0 for all ¢ > 0. Indeed, choose a > 0 large enough so
that B := A+ al > 0. Then

d k
At _ _—at (A+al)t _ _—at (Bt)
e =e e =e Z T

k=0
Since B I 0, every power BF is entrywise nonnegative, so the series has entrywise nonnegative
partial sums, and hence e“*#D* > 0. Multiplying by the positive scalar e"*' preserves entrywise
nonnegativity, proving e & 0.

The solution of %(t) = Ax(t) with A = —M is x(t) = e*'x(0). If x(0) > 0, then by the claim
e >0, so
x(t) = eMx(0) > 0 for all t > 0. —

56



Homework

4. Given an arbitrary undirected connected graph, let D be its degree matrix (a diagonal
matrix where each diagonal element is the degree of the corresponding vertex) and L be its
Laplacian matrix. Then

L=D:LD:
is called the normalized Laplacian matrix. Prove that the eigenvalues of L lie in the interval
[0, 2].

Proof. Set M := D2 AD71/2 Write the eigenvalues of M as py, ..., i, and those of L as My A
Since L = I — M, they satisfy
/1,':1—,[11' (121,,7’1)

Hence it suffices to prove y; € [—1,1].
For any nonzero x € R", let y = D"/2x. Then x"x = y"Dy and
xMx = y'Ay = Z Ayyyi = 20, By
{i.j}eE
Using 2|ab| < a* + b? edgewise,
YAyl = 23wy < Y Gi+yD = Ydyi = y'D
{i.j}eE {i,j}€E i

Therefore the Rayleigh quotient of M obeys

x"Mx| |yTAy <

xTx | |y"Dy|~
Since M is symmetric, all its eigenvalues lie between the minimum and maximum Rayleigh
quotients. Hence p; € [—1, 1] for all i, as desired. —

A5

2. 5.10
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3. We do not assume A to be Hermitian and define

x*Ax
F(A):{ - :xEC”,x:tO}.
X*x
1. Show that
(a)
o |x*Ax x*Ax
min < A € max ;
x#£0 | xX*x x#0 | X*x
(b)

o(A + B) C F(A + B) C F(A) + F(B),

where o(-) denotes the spectrum;
(c) F(A) is a convex subset of C.

(1 ol) (o)) e (i)

F(AB) C F(A)F(B)?

2. Compute

3. Is it true that

Prove it or give a counterexample.

Note that
F(A) ={(Ax,x) : x| =1},  (x,y) :=x"y.
1. (a) For any eigenvalue A; of A choose a corresponding eigenvector 0 # v; with |v;]| = 1.
Then A
v, ) = (Auv, v;) = (A, v) = A
(v;, v;)

Hence A; € F(A). Since F(A) is compact (continuous image of the compact unit sphere),
the continuous map z — |z| attains its minimum and maximum on F(A); therefore

ﬁi_rll|<Ax,x>| < A < I”n”el)l(KAx, x)|.

(b) In finite dimensions the spectrum o(-) consists of eigenvalues, and by the argument
above 0(A + B) C F(A + B). For the second inclusion, for any |x| = 1,

((A+ B)x,x) = (Ax, x) + (Bx, x) € F(A) + F(B),

whence F(A + B) C F(A) + F(B).
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(c) (Toeplitz—Hausdorff) For 6 € [0, 27) set

0 e—i9A + eiHA*
Hy := Re(e A) = f’
which is Hermitian. For |x| = 1,

Re(e"(Ax, x)) = (Hyx, X) < Amax(Ho).

Hence

F(A) C ﬂ {z €C: Re(e™z) < AmaX(Hg)}.

0€l0,2)
Claim: The reverse inclusion holds and the display is an equality. The right-hand side
is an intersection of half-planes, therefore convex. Thus F(A) is convex. to do
2. (a) Ais hermitian, hence
F(A) = [Anin(A), Amax(A)].

The eigenvalues solve det('7* L) =2A*—1—-1=0,ie A, = % Therefore

(G o)-155 ]

0 1 . o
0 0). For x = (¢“ cos t, e’ sint),

(b) Write A =1+ N where N = (

. 1 .
(Ax,x) =1+ (Nx,x) =1+ P Dcost sint =1+ Eel(ﬁ_“) sin(2t).

As t varies, %I sin(2t)| ranges over [0, 1], and the phase eP~® is arbitrary; hence

11 )
(1)) teec s

the closed disk centered at 1 of radius 1/2.

(c) Ais Hermitian with eigenvalues 2 and 0. Thus

(3 1) -
)l e

Since A and B are Hermitian, their numerical ranges are real intervals

3. Take

F(A) = convo(A) =[-1,1], F(B) = convo(B) =[-1,1],
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hence
F(A)F(B) ={st : s,te[-1,1]}=[-1,1] CR.

However AB is skew-Hermitian: (AB)* = — AB. Take the unit vector x = % (:) Then

(ABx, x) = x"ABx = % (1 —i) (_01 é) C) = % (1 —i) (_ll) = 1.

Thus i € F(AB), which is not real. Consequently
i ¢ FCLA)F(B) = [-1,1].

Therefore the inclusion F(AB) C F(A)F(B) is false in general.
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