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CHAPTER 1

Vector Spaces

1A R" and C"

Definition 1.1. Addition and multiplication on C are defined by

(a+bi)+(c+di)=(a+c)+(b+di
(a+bi)-(c+di)=(ac—bd) + (ad + bo)i

where a, b, c,d € R.

By properties of R and 1.1 we obtain properties of C. By the existence of inverses we define —«a

and —, and subtraction and division accordingly.
o

Remark 1.2. UseF (i.e, fields) to denote either R or C. Elements of I are scalars. Say that
xy is the k™ coordinate of the list (xi, ..., x,) (n, the length of the list, has to be finite). Lists,
when thought of as arrows, are vectors. Addition and scalar multiplication on lists are defined
componentwise in the standard way:.

Exercises

Exercise 5. Additive inverse of complex arithmetic.

This is due to the additive inverse of real arithmetic.

Exercise 6. Multiplicative inverse of complex arithmetic.

a—bi

For o = a + bi, where a = 0, we have 1 b2 as the multiplicative inverse of a. Thus one exists.
a

Also all the multiplicative inverses of « equals it by real arithmetic.
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Exercise 8. Find two distinct square roots of i.

2 2
We solve the equation (a + bi)* = i to obtain + (%_ + \/7_1>

1B Definition of Vector Space

We need a space where things act like vectors, which is defined as follows.

Definition 1.3. A vector space over a field F is a set V equipped with two operations: vector

addition + : V x V — V, and scalar multiplication - : F x V — V| satisfying the following
axioms:

1. (V,+) is an abelian group, i.e.:

(a) (Associativity) u + (v + w) = (u+v) + wfor all u,v,w € V,

(b) (Commutativity) u+v=v+ uforall u,v € V,

(c) (Identity) There exists an element 0 € V such thatv + 0 =v forallv € V,

(d) (Inverses) For each v € V, there exists an element —v € V such that v + (—v) = 0.

2. Scalar multiplication satisfies:

(a) (Multiplicative identity) 1-v =wv forallv € V,

(b) (Associativity) a- (b -v) = (ab)-vforalla,b e F,veV,

(c) (Distributivity over vector addition) a-(u+v) =a-u+a-vforallaeF,u,v eV,
(d) (Distributivity over field addition) (a + b)-v=a-v+ b -vforalla,b e F,ve V.

The simplest vector space is {0}.

Definition 1.4. Elements of a vector space are called vectors or points.

Example 1.5. For f,g € Fand A € F, f+g € Fis defined by Vx € S, (f+g)(x) = f(x)+g(x)
and Af € FS by Vx(Af)(x) = Af(x). If S # @, then F® is a vector space over F. The vector
space F" is a special case of F*, where S = {1,2,..., n}.

Theorem 1.6. A vector space has a unique additive identity.




Vector Spaces

Proof. Suppose 0 and 0’ are both additive identities for some vector space V. Then

0=0+0=0+0" =0. —

Theorem 1.7. Every element in a vector space has a unique additive inverse.

Proof. Suppose a € V has two additive inverses b and c. Then

b=b+(a+c)=(b+a)+c=c. —

Notations like —v and w — v make sense due to the uniqueness of additive inverses. From now on,
V denotes a vector space over F.

Theorem 1.8. Yv € V,0v = 0.

Proof. We have for anyv € V
0v = (04 0)v = O0v + Ov.

Adding the additive inverse of Ov to both sides of the equation above gives 0 = 0v. -

Comment. We have to use distributivity for that’s where vector addition and scalar multiplication
are connected in 1.3. The first equation holds because 0 € F.

Theorem 1.9. Va € F, a0 = 0.

Proof. We have for any a € F
a0 = a(0 + 0) = a0 + ao0.

Adding the additive inverse of a0 to both sides of the equation above gives 0 = a0. =

Similarly, 0 = (1 + (—1))v gives us

Theorem 1.10. Yo € V,(—1)v = —v.
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Exercises

Exercise 1. Prove thatvVv € V,—(—v) = v.

0= (=0) + (=(=0)) = v + ().

Exercise 2. Suppose a € F,v € V, and av = 0. Prove that a = 0 or v = 0.

1 1

If a # 0 we have that v = (a- —)v = — - (av) = 0, which is equivalent to what we are asked to
a a

prove.

Exercise 5. Show that (d) of item 1 in 1.3 can be replaced with 1.8.

We are to show the existence of additive inverse from 1.8 and the rest of 1.3.
0=w=>0-1v=v+(—1o.

Thus the additive inverse of v exists, namely (—1)v.

Exercise 6. Let oo and —oo denote two distinct objects, neither of which is in R. Define an
addition and scalar multiplication on R U {co, —co}: the sum and product of two real numbers
is as usual, and for t € R define

—oo if t <0, oo ift <0,
too = {0 ift=0, t(—)=140 ift =0,
00 if t >0, —oo if £ >0,

and
I+o00=00+1=00+ 00 =00,

£+ (—o0) = (—00) + 1 = (—o9) + (—o0) = —oo,
60 + (—09) = (—e0) + 00 = 0.

With these operations of addition and scalar multiplication, is R U {co, —oo} a vector space
over R? Explain.

Consider (RU{co, —oo}, +). Commutativity and existence of identity and inverses holds by definition.
However (u,v, w) = (3, 00, —) violates commutativity, hence (R U {oo, —c0}, +) is not an abelian
group, thus R U {co, —co} not a vector space.
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Exercise 8. Suppose V is a real vector space.

« The complexification of V, denoted by V¢, equals V x V. An element of V¢ is an ordered
pair (u,v), where u,v € V, but we write this as u + iv.

« Addition on V¢ is defined by

(u1 + iUl) + (uZ + il)z) = (ul + UZ) + i(l)l + Uz)

for all uy, v, uy,v, € V.

« Complex scalar multiplication on V¢ is defined by

(a+ bi)(u+iv) = (au— bv) +i(av + bu)
foralla,b e Randall u,v € V.

Prove that with the definitions of addition and scalar multiplication as above, V¢ is a complex
vector space.

We verify each of the requirements specified by 1.3 by properties of V as an vector space, very
much like verifying the properties of C by those of R.

Comment. Think of V as a subset of V¢ by identifying u € V with u + i0. The construction of V¢

can then be thought of as generalizing the construction of C" from R" (thought of as a subset of
c".)

1C Subspaces

Definition 1.11. A subset U of V is called a subspace of V if U is also a vector space with
the same additive identity, addition, and scalar multiplication as on V.

Theorem 1.12. U C V is a subspace of V iff it (1) has the additive identity of V (or is nonempty,

because we can take u € U then Ou € U.), (2) is closed under addtion, and (3) is closed under
scalar multiplication.

Proof. Both directions hold by definition. In paticular, closure ensures that addition and multipli-
cation are reasonably defined (U x U — U and F x U — U) and properties such as associativity
hold because they hold on V and U C V. —
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Example 1.13. The set of differentiable real-valued functions f on the interval (0,3) such
that f/(2) = b is a subspace of R®% iff b = 0 for closure under scalar multiplication, which
shows the linear structure underlying parts of calculus. The subspaces of R? are precisely {0}
all lines in R? containing the origin and R, which intuitively justifies the word “linear”.

Definition 1.14. Suppose Vi,..., V,, are subspaces of V. The sum of them is

Vit oot Vi =for+ 4o, | [\ vi €V}

Theorem 1.15. Suppose Vi, ..., V,, are subspaces of V. Then V| + --- + V,, is the smallest
subspace of V containing Vi, ..., V,,.

Proof. That V; + --- + V,, is a subspace and contains Vi, ..., V,, is trivial. Suppose that V’ contains
Vi, ..., V,, and is a subspace. By 1.14 and closure under addition we have that V; + -+ V,, C V’,
thus the minimality. —

Definition 1.16. Suppose Vi,..., V,, are subspaces of V. The sum V; + --- + V,, is called a
direct sum if each element of V; + - 4+ V,,, can be written in only one way as a sum v; + - + v,
where each v, € Vi, denoted V; & - @ V,,.

The definition of direct sum requires every vector in the sum to have a unique representation as
an appropriate sum.

Theorem 1.17. Suppose Vi, ..., V,, are subspaces of V. Then V, + --- + V,, is a direct sum iff the
only way to write 0 as a sum vy + -+ + v,,, where each vy € Vi, is by taking each vy equal to 0.

Proof. (= is trivial. Consider <.) Suppose for sake of contradiction that V; +--- 4+ V,, is not a direct
sum. Then there exists v € V; + -+ + V,, such thatv = v] + - + v, = v) + -+ + v/, where v| € V}
and v € Vi for each k and (v}, ...,v},) = (v7,...,v),). Then we have 0 = (v] —v{) + - + (v}, —v.)
and at least a j such that v — v}’ # 0. Hence contradiction. —

Theorem 1.18. Suppose U and W are subspaces of V. Then

U+ W is adirect sum < Un W = {0}.
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Proof. =: Say thatv € UNn W and v # 0, then 0 = v + (—v), where v € U and —v € W, hence
U + W is not a direct sum, and contradiction.

«<: Say that0 = a+ b, wherea€ U,b € W,and a # 0. Then b = —a € U. Hence b € Un W and
b # 0, and contradiction. —

Sums of subspaces are analogous to unions of subsets. Similarly, direct sums of subspaces are
analogous to disjoint unions of subsets.

Exercises

Exercise 6. Is{(a, b,c) € R?| a® = b} a subspace of R*? How about C*? ‘

-1 3i
By @’ = b* we have that (a — b)(a* + ab + b?) = 0. That is, if b = 0 then % € {1, i—\/_l} We

2

need a unique g so that it is closed under addition, which holds in R but not in C.

Exercise 7. Prove or give a counterexample: If U is a nonempty subset of R? such that U is
closed under addition and contains additive inverses, then U is a subspace of R?.

A counterexample is Z°.

Exercise 8. Give an example of a nonempty subset U of R? such that U is closed under
scalar multiplication, but U is not a subspace of R.

Cf. 1C.6. Easily we have that {(a, ) | a = 2b v a = b} is not closed under addition. Note that
{(a,b)| a=2b}+{(a,b) | a= b}isadirect sum, yet their union is not a subspace.

Exercise 12. Prove that the union of two subspaces of V is a subspace of V iff one of the
subspaces is a subset of another.

Suppose otherwise that U and W are subspaces of V, u € U\ W, and w € W \ U. Then
u+w¢ Uu W, for that otherwise contradiction will arise. Hence U U W is not a subspace of V.

Exercise 13. Prove that the union of three subspaces of V is a subspace of V iff one of the
subspaces contains the other two.
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to do

Exercise 18. Does the operation of addition on the subspaces of V have an additive identity?
Which subspaces have additive inverses?

{0} is the additive identity of addition on subspaces of V. Also only {0} has an additive inverse,
namely itself. Suppose otherwise for sake of contradiction that W C V has an additive inverse
-W,we W,and w# 0. Then w=w+0€ W + (—W) = {0}, hence contradiction.

Exercise 19. Prove or give a counterexample: If V;, V,, U are subspaces of V such that
V1+U: V2+Uthen V1 = Vg.

Vi + U = V, + U should always hold, as long as V; € U and V, C U, considering 1.15.

Exercise 20. Suppose U = {(x, x,y,y) € F* | x, y € F}. Find a subspace W of F* such that
FF=UeW.

It is easy to verify that {(x, —x, y, —y) € F* | x, y € F} suffices.

Exercise 22. Suppose
U={(y,x+y,x—y,2x)€F : x,y € F}.
Find three subspaces W;, W,, W5 of F°, none of which equals {0}, such that

FP=UoW o W,eW,.

We may follow the instinct that (x,y,x + y + a,x — y + b, 2x + ¢) ‘discribes’ F°, which gives
(0,0,1,0,0),(0,0,0,1,0), and (0,0,0,0,1). And fortunately, it follows that these spaces indeed
make a direct sum.

Exercise 23. Prove or give a counterexample: If V;, V,, U are subspaces of V such that
V=VieU=V,®Uthen V; = V,.

A counterexample is that V; = {(x,0) | x e R}, Vo, = {(x,x) | x € RLU = {(0,y) | y € R}, and
V = R The intuition is well illustrated by the counterexample: there are different sets of vectors
that span a plane, which may share same components.
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Exercise 24. Let V, denote the set of real-valued even functions on R and V, the set of
real-valued odd functions. Show that RR = V, @ V,.

Trivial considering that f(x) = % (f(x) + f(=x)) + % (f(x) = f(—=x)).



CHAPTER 2

Finite-Dimensional
Vector Spaces

2A Span and Linear Independence

We will usually write lists of vectors without surrounding parentheses.

Definition 2.1. A linear combination of a list vy, ..., v,, of vectors in V is a vector of the form
avy + - + a,vy,

where a4, ..., a,, € .

Definition 2.2. The set of all linear combinations of a list of vectors vy, ..., v,, in V is called
the span of vy, ..., v, denoted span(vy, ..., v,,). The span of the empty list () is defined to be
{0}.

Theorem 2.3. The span of a list of vectors in V is the smallest subspace of V containing all
vectors in the list.

The proof is omitted as trivial.

Definition 2.4. If span(vy, ..., v,) equals V, say that the list vy, ..., v,, spans V.

Definition 2.5. A vector space is called finite-dimensional if some list of vectors in it spans
the space. A vector space is called infinite-dimensional if it is not finite-dimensional.

10
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Definition 2.6. A function p : F — F is called a polynomial with coefficients in F if there
exist dy, ..., a, € F such that

p(z) = ap + ayz + a,z° + - + anz"

for all z € F. P(F) is the set of all polynomials with coefficients in F.

4.5 justifies the following definition.

Definition 2.7. A polynomial p € P(F) is said to have degree m if there exist scalars
ag, Ay, ..., Ay, € F with a,, # 0 such that for every z € F, we have

p(z) =ag+ a1z + -+ apz".

The polynomial that is identically 0 is said to have degree —co. The degree of a polynomial p
is denoted by deg p. For m a nonnegative integer, P,,(F) denotes the set of all polynomials
with coefficients in F and degree at most m.

Pn(F) = span(1, z, ..., z™) and thus a finite-dimensional vector space for each m € IN. Consider
any list of elements of P(F). Let m denote the highest degree of the polynomials in this list. Then
every polynomial in the span of this list has degree at most m. Thus z™*! is not in the span of our
list. Hence no list spans P(F). Thus P(F) is infinite-dimensional.

Definition 2.8. Alistuvy,...,v,, of vectors in V is called linearly independent if the only choice
of ay,..., a, € F that makes
av; + -+ apvy, =0

is a; = -+ = a,, = 0. The empty list () is declared to be linearly independent.

Remark 2.9. span(vy, ..., 0,) is by definition span(v;) + --- + span(v,,) and is a direct sum iff
U1, ..., Uy, is linearly independent. Cf. 1.17.

If some vectors are removed from a linearly independent list, the remaining list is also linearly
independent.

Definition 2.10. A list of vectors in V is called linearly dependent if it is not linearly
independent.

11
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If some vector in a list of vectors in V is a linear combination of the other vectors, then the list is
linearly dependent.

Theorem 2.11. Suppose vy, ..., 0, is a linearly dependent list in V. Then there exists k €
{1,2,...,m} such that

Uk € span(vy, ..., Ug—1).
Furthermore, if k satisfies the condition above and the k™ term is removed from vy, ..., Uy, then
the span of the remaining list equals span(vy, ..., U,,).

Proof. We prove by induction the contraposition of this theorem.
Base case: m = 1, if v; ¢ span(), then V is liearly independent.

Inductive case: suppose that for m = j, if
vk €{1,2,...,m}, v € span(vy, ..., Uk_1),

then V is linearly independent. Now consider the case where m = j + 1. By IH we have that
(v1, ..., Upm—1) is linearly independent. Suppose, however, that (v, ..., v,,) is not. Then 0 = a,v; +
-+ AUy, where (ay, ..., an) # 0. Suppose that a, = 0, then we have that 0 = a,v; + - + @p_1Upm_1,
where (ai, ..., an-1) # 0, contradicting that (v, ..., v,,_1) is linearly independent.Thus a,, # 0 and
Um € span(vy, ..., U,—1), contradicting the assumption. Hence (vy, ..., vy,) is linearly independent.

The proof of the furthermore part of the theorem is ommitted as trivial. -

Theorem 2.12. In a finite-dimensional vector space, the length of every linearly independent
list of vectors is less than or equal to the length of every spanning list of vectors.

Proof. Suppose that uy, ..., u,, is linearly independent in V and let B be the list wy, ..., w, spans V.

We adjoin one by one u; at the beginning of B, placing it after u, ..., #;_; and remove one of the
w’s each time a u is adjoined according to 2.11. No u’s are removed in this process, and hence
there are at least as many w’s as u’s. —

Theorem 2.13. Subspaces of a finite-dimensional vector space are finite-dimensional.

Proof. Say that V is finite dimensional and U a subspace of it. Do the following until a list of u’s
that spans U is constructed: pick u; in U such that

u; & span(uy, ..., Uj_1)

By 2.11 the list constructed is linearly independent. By 2.12 the list of u’s is finite, and the process
terminates. —

12



Finite-Dimensional Vector Spaces

Exercises

Exercise 3. Suppose vy, ..., U is a list of vectors in V. For k € {1,...,m}, let
Wi = U1 + -+ + Ug.

Show that span(vy, ..., vy,) = span(wy, ..., Wp,).

We solve the equation
avy + -+ apy = bywy + - + bywy,

to obtain
(bl: LRI bm—l, bm) = (al — 4z ...,Ap—1 — A, am)-

Exercise 11. Prove or give a counterexample: If vy, ..., v,, and wy, ..., w,, are linearly inde-
pendent lists of vectors in V, then the list v; + wy, ..., v, + Wy, is linearly independent.

Counterexample: vy=1,w =-1.

Exercise 17. Prove that V is infinite-dimensional if and only if there is a sequence vy, v, ...
of vectors in V such that v, ..., v,, is linearly independent for every positive integer m.

«<: Say that V is finite-dimensional. Then a list of length m spans it. Yet we can find a linearly
independent list of length m + 1, contradicting 2.12.

=: We can construct a sequence adjoining vectors that are not in the span of the vectors already
included in the sequence. V is infinite-dimensional, so no list spans V, thus we can always find
some vector to adjoin. Hence the sequence constructed is indeed infinite.

Exercise 18. Prove that F* is infinite-dimensional.

Consider the sequence (1,...),(0,1,...),(0,0,1,...),....

Exercise 19. Prove that the real vector space of all continuous real-valued functions on the
interval [0, 1] is infinite-dimensional.

Consider the sequence 1, x, x%, ....

13
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Exercise 20. Suppose po, P, ..., Pm are polynomials in P, (F) such that pi(2) = 0 for each
k €{0,...,m}. Prove that py, p1,..., pn, is not linearly independent in P, (F).

(Cf. 2.24. We can avoid dimension here.) Say that it is. Therefore it spans P,,(F) (for that if not, we
can find a linearly independent list of length (m + 2), contradicting a spanning list 1, x, ..., x,, by
2.11.) Yet there exist polynomials that are not in its span, hence contradiction.

2B Bases

Definition 2.14. A basis of V is a list of vectors in V that is linearly independent and spans
V.

Theorem 2.15. A listvy,...,v, of vectors in V is a basis of V iff everyv € V can be written
uniquely in the form
v = av + -+ a,v,,

where a4, ..., a, € IF.

Both directions are trivial.

Theorem 2.16. Every spanning list in a vector space can be reduced to a basis of the vector
space.

Proof. We remove the first vy each time until there is no v to remove accroding to 2.11. =

Corollary 2.17. Every finite-dimensional vector space has a basis.

Theorem 2.18. Every linearly independent list in a finite-dimensional vector space extends to
a basis.

Proof. Suppose uy, ..., Uy, is linearly independent in a finite-dimensional vector space V. Say that
it is not a basis of V. Start with it and adjoin one by one

w; € span(uy, ..., Uy, Wi, ..., Wi_1)

where wy = u,, and i € Z,. We finally will arive at a basis of V. Cf. 2.13. —

14



Finite-Dimensional Vector Spaces

We may alternatively append a spanning list of V to uy, ..., u,, and reduce the list we get to a basis,
cf. 2.16.

Theorem 2.19. Suppose V is finite-dimensional and U is a subspace of V. Then there is a
subspace W of V such that V. =U @& W.

This is trivial, for that the added w’s in 2.18 spans W. Also cf. 2.9.

Exercises

Exercise 5. Suppose V is finite-dimensional and U, W are subspaces of V such that
V = U + W. Prove that there exists a basis of V consisting of vectorsin U U W.

We take the bases of U and W, adjoin them and reduce the list to a linearly independent list.

Exercise 8. Prove or give a counterexample: If v;, v, v3, v, is a basis of V and U is a subspace
of V such that v;,v, € U and v ¢ U and v, ¢ U, then v;, v, is a basis of U.

Counterexample: v; = (1,0,0,0),v, = (0,1,0,0),v; = (0,0,1,0),v, = (0,0,0, 1).
U = span((1,0,0,0),(0,1,0,0),(0,0,1,1)).

Exercise 11. Suppose V is a real vector space. Show that if vy, ..., v, is a basis of V' (as a real
vector space), then vy, ..., v, is also a basis of the complexification V¢ (as a complex vector
space). Cf. 1B.8.

vk is thought of as vy + Ouyi in V. To show that vy, ..., v, is linearly independent, let
n
j=1
which gives

n n
Zajl)j: ijvj:()’
Jj=1 Jj=1

which in turn shows the linear independence given that vy, ...,v, are linearly independent in
V. That vy, ...,v, spans V¢ is due to each element in V¢ can be written a + bi, where a,b €
span(vy, ..., Uy).

15
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2C Dimension

Theorem 2.20. Any two bases of a finite-dimensional vector space have the same length.

This is trivial, given 2.12.

Definition 2.21. The dimension of a finite-dimensional vector space is the length of any
basis of the vector space, denoted by dim V.

Theorem 2.22. IfV is finite-dimensional and U is a subspace of V, then dim U < dim V.

This statement follows from 2.18. Also, the basis of V is a spanning list and the basis of U a
linearly independent one, thus 2.11 also implies this.

Remark 2.23. The choice of F matters in identifying the dimension of a vector space. Verify
that C has dimension one over C and two over R.

Theorem 2.24. Suppose V is finite-dimensional. Then every linearly independent list of vectors
in V of length dim V is a basis of V.

Proof. Say that a linearly independent list vy, ..., v,, where m = dim V, does not span V, and
w ¢ span(vy,...,v,). Then vy,...,v,, w forms a linealy independent list of length dim V + 1,
contradicting 2.11. =

Corollary 2.25. Suppose that V is finite-dimensional and U is a subspace of V such that
dimU =dim V. ThenU = V.

Theorem 2.26. Suppose V is finite-dimensional. Then every spanning list of vectors in V of
length dim V is a basis of V.

Proof. Say that a spanning list of V, vy,...,v,, is not a linearly independent one. Then we can
remove vy such that vy € span(vy, ..., vk1), contradicting 2.11. —

16



Finite-Dimensional Vector Spaces

Theorem 2.27. If V; and V, are subspaces of a finite-dimensional vector space, then

dim(V; + V,) = dim V; + dim V;, — dim(V; n V3).

Proof. We extend the basis of V; n V, to bases of V; and V,, obtaining three bases, and show that
they are linearly independent.

Say that ey, ..., e, is the basis of V; n V,. By 2.18 and 2.19 we can extend it to the bases of V; and
V, by adding fi, ..., f, and gy, ..., gk respectively, where ey, ..., e,, fi,..., fpand ey, ..., ey, g1, ..., &
are both linearly independent. Now obviously V; + V, = span(ey, ..., €n, fi, .- fu, &15---» g)- Thus
it suffices to show that this spanning list is linearly independent.

Suppose it is not. Then we can write
0=aje;+-+amey +bifi+-+b,f+cg+-+
where at least one of the b’s and ¢’s is not zero. Say without loss of generality that,
aei, ..., Amem, b1 fi, ..., by f, € span(gy, ..., gr)-
where at least one of the b’s is not zero. Thus

aei, ..., Amem, by fi, ..., bpfu € Vin V, = span(ey, ..., €,)

= Clel9 L] cmems

contradicting that ey, ..., ey, fi,..., fu is a basis of V; (cf. 2.15.) —

Exercises

Exercise 1. Show that the subspaces of R? are precisely {0}, all lines in R? containing the
origin, and R?.

We can prove that R? has dimension 2. By 2.22, the subspaces of R? can have dimensions 0
(indicating an empty spanning list, thus {0}), 1 (lines), and 2 (R? itself by 2.24).

17



CHAPTER 3

Linear Maps

3A Vector Space of Linear Maps

Definition 3.1. A linear map from V to W is a homomorphism of V into W.

Remark 3.2. The class of vector spaces over a fixed field is an elementasy class with regard
to the sentences expressing 1.3 within a suitable first-order language £, say, a two-sorted
(scalars and vectors) one with addition and scalar multiplication.

A homomorphism in 3.1 is a function of one sturcture into another, preserving predicates
(none here) and functions (addition and scalar multiplications) in £.

Note also that just like scalar multiplication functions, linear maps are often denoted by Tv,
which just means T(v).

The set of linear maps from V to W is denoted by L(V, W), and L(V, V) can be written as
L(V).

Example 3.3. Here are some examples of linear maps.

1. Differentiation is a linear map. For example consider polynomials (2.6), define D €
L(P(R)) by Dp = p’. This indeed formally states the linearity of differentiation. So is
integration.

2. Let m and n be positive integers, let A, € IF for each j =i,...,mandeachk =1,...,n,
and a linear map T € L(F",F") can be defined by

T(xl, cees x,,) = (Al)lxl + -+ Al)nxn, ceesy Am’lxl + -+ Am)nxn).

Actually every linear map from F" to F™ is of this form.
3. Fix a polynomial g € P(R). A linear map T € L(P(R)) can be defined by

(Tp)(x) = p(q(x)).
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Theorem 3.4. Supposevy, ..., v, is a basis of V and wy, ..., w, € W. Then there exists a unique
linear map T : V — W such that
Tl)k = Wi

foreachk =1,...,n.

Proof. Given wy, ..., w, € W, a linear map is natually defined. For each v € V, where v = ). | av;
and a; € Ffori = 1,..., n, we have that Tv = )", a;w;, which is obviously unique. —

Comment. The uniqueness means that a linear map is completely determined by its values on a
basis.

Definition 3.5. Suppose S, T € L(V, W) and A € F. The sum S + T and the product AT are
the linear maps from V to W defined by

S+ T)w)=Sv+Tv and (AT)()= A(Tv)

for allv € V. L(V, W) is then a vector space.

Definition 3.6. If T € L(U, V) and S € L(V, W), then the product ST € L(U, W) is defined

by
(ST)(w) = S(Tu)

forallu e U.

Note that the product of linear maps satisfies associativity, identity and distributive properties.
Not commutative though.

Definition 3.7. Suppose T is a linear map from V to W. Then T(0) = 0.

Proof. The linear map defined in 3.4 makes this immediate. Or, consider that
V(0) = V(0 +0) = V(0) + V(0).

Add the additive inverse of T(0) to each side of the equation above to conclude that T(0) = 0. -
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3B Null Spaces and Ranges

Definition 3.8. For T € L(V, W), the null space (or kernel) of T, denoted by null T, is the
subset of V consisting of those vectors that T maps to 0:

Theorem 3.9. Suppose T € L(V, W). Thennull T is a subspace of V.

Definition 3.10. A function T : V — W is called injective or one-to-one if Tu = Tv implies
u=u.

Theorem 3.11. Let T € L(V, W). Then T is injective iff null T = {0}.

Definition 3.12. For T € L(V, W), the range of T is the subset of W consisting of those
vectors that are equal to Tv for some v € V.

Theorem 3.13. IfT € L(V, W), then range T is a subspace of W.

Definition 3.14. A function T : V — W is called surjective or onto W if its range equals
w.

Theorem 3.15. Fundamental Theorem of Linear Maps Suppose V is finite-dimensional
and T € L(V,W). Thenrange T is finite-dimensional and

dim V = dimnull T + dimrange T.

Proof. Say that the dimension of V is n and the dimension of null T is m. By 3.9 m < n. Let
U, ..., Uy be a basis of null T and expend it by 2.18 to a basis of V vy,...,v,. Note that range T is
spanned by Tuv,..., Tv,, thus also by Tv,;1, ..., Tv,. Then dimrange T < n — m. Suppose that
dimrange T < n—m when n > m. Then Tv,4, ..., Tv, is linearly dependent, thus we have

Tv, = a1 Tomi1, v Apm-1 TV,
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where a; e Ffori=1,...,n—m— 1, when n —m > 1. That is,
n—m—1
v, — Z AiVpy; € null T.
i=1
when n—m > 1 and v, € null T when n—m = 1, from which we can derive that vy, ..., v, is linearly
dependent, hence contradiction. Therefore, dim range T = n — m, as desired. —

Theorem 3.16. Suppose V and W are finite-dimensional vector spaces such that dimV >
dim W. Then no linear map from V to W is injective.

Proof. Trivial by 2.22, 3.11, and 3.13. —

Theorem 3.17. Suppose V and W are finite-dimensional vector spaces such that dimV <
dim W. Then no linear map from V to W is surjective.

Remark 3.18. Fix positive integers mand n,andlet A;, € Ffor j=1,....mand k=1,...,n.
Consider the homogeneous (the constant term on the right side of each equation below is 0)
system of linear equations

n
Z Al,kxk =0
k=1

n
Z Am’ka =0.
k=1

Clearly x; = --- = x, = 0 is a solution of the system of equations above; the question here is
whether any other solutions exist.
Define T : F" — F" by

T(xl,...,xn) = (Z Al)kxk, veesy ZAm,kxk> .
k=1 k=1

The equation T(xy,..., x,) = 0 is the same as the homogeneous system of linear equations
above. Thus we want to know if null T is strictly bigger than {0}.

Theorem 3.19. A homogeneous system of linear equations with more variables than equations
has nonzero solutions.
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Theorem 3.20. An inhomogeneous system of linear equations with more equations than
variables has no solution for some choice of the constant terms.

3C Matrices

Remark 3.21. Suppose A is a matrix. The notation A;; denotes the entry in row j, column k
of A.

Definition 3.22. Suppose T € L(V, W) and vy, ..., v, is a basis of V and wy, ..., w,, is a basis

of W. The matrix of T with respect to these bases is the m-by-n matrix M(T) whose entries
Aj are defined by

Tl)k = ALkwl + -+ Am,kwm.

If the bases vy, ..., v, and wy, ..., w,, are not clear from the context, then the notation

M(T, (l)l, ,l)n), (Wls e Wm))

is used.

If you think of elements of F™ as columns of m numbers, then you can think of the k™ column of
as M(T) applied to the k™ standard basis vector.

Example 3.23. Suppose D € L(P;(R), Po(R)) is the differentiation map defined by Dp = p’.

Because (x") = nx""!, the matrix of D with respect to the standard bases is the 3-by-4 matrix
below:

0100
MD)=10 0 2 of.
000 3

Theorem 3.24. Suppose A € Fand S, T € L(V,W). Then M(S+ T) = M(S) + M(T) and
MAT) = AM(T).

Theorem 3.25. For m and n positive integers, the set of all m-by-n matrices with entries in T,
denoted by F™", is a vector space of dimension mn.

Matrix multiplication is defined with respect to the composition of linear maps.
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Theorem 3.26. IfT € L(U,V) and S € L(V, W), then M(ST) = M(S)M(T).

Below are two other ways to think of matrix multiplication.

Theorem 3.27. Suppose A is an m-by-n matrix and B is an n-by-p matrix. Then

(AB)j,k = Aj,. B"k

and
(AB)., = AB.;
ifli1<j<mand1<k<p.
b,
Theorem 3.28. Suppose A is an m-by-n matrix and b = | : | is an n-by-1 matrix. Then
by

Ab = blA-,l 9P 000 P bnA-,n-

Theorem 3.29. Suppose C is an m-by-c matrix and R is a c-by-n matrix.

(a) Ifk €{1,...,n}, then column k of CR is a linear combination of the columns of C, with
the coefficients of this linear combination coming from column k of R.

(b) If j € {1,...,m}, then row j of CR is a linear combination of the rows of R, with the
coefficients of this linear combination coming from row j of C.

Proof. (a) is by 3.27 and 3.28. (b) can similarly proved. —

Definition 3.30. Suppose A is an m-by-n matrix with entries in F.

(a) The column rank of A is the dimension of the span of the columns of A in F™!,
(b) The row rank of A is the dimension of the span of the rows of A in F"".

Suppose A is an m-by-n matrix. Note that the transpose A — A" € L(F™", F*™). Note also that
the column and row ranks of A are at most min{m, n}.
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Theorem 3.31. Suppose A is an m-by-n matrix with entries in F and column rank ¢ > 1. Then
there exist an m-by-c matrix C and a c-by-n matrix R, both with entries in F, such that A = CR.

Proof. Reduce the columns of A to a basis of length ¢, making C € F™¢. Each column of A is a
linear combination of the columns of C, which gives R by 3.29 (a). —

Theorem 3.32. The column rank of A € F™" equals its row rank.

Proof. By 3.29 (b) and 3.31 the row rank of A is at most c. Similarly the column rank is at most
row rank, giving the result. =

Cf. 3.133 to do and 7A.8

Both are called rank.

3D Invertibility and Isomorphisms

Definition 3.33. A linear map T € L(V, W) is called invertible if there exists a linear map
S € L(W,V) (called inverse) such that ST =T and TS = I.

Note that such an inverse is unique, and is denoted by T

Theorem 3.35. Suppose that V and W are finite-dimensional vector spaces, dim V = dim W,
and T € L(V,W). Then

T is invertible <= T isinjective <= T is surjective.

This is almost immediate by 3.15.

Theorem 3.36. Suppose V and W are finite-dimensional vector spaces of the same dimension,
Sel(V,W),and T € L(W,V). Then

ST =1 ifandonlyif TS = 1.
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Proof. Suppose ST =I.If v € V and Tv = 0, then
v=(S8T)v = S(Tv) = 0.

Thus T is injective by 3.11 and invertible by 3.35.

Now multiply both sides of the equation ST = [ with T, giving
S=T"

Thus TS = TT™! = I, as desired. The other direction is similar. —

Remark 3.37. For sure, an invertible linear map is an isomorphism. Cf. 3.1.

Theorem 3.38. Two finite-dimensional vector spaces over F are isomorphic iff they have the
same dimension.

Proof. (=) Immediate by 3.15. (<) Define a map that maps vectors in one basis to those in the
other. —

Theorem 3.39. Suppose vy, ..., v, is a basis of V and wy, ..., wy, is a basis of W. Then M is an
isomorphism between L(V, W) and F™".

Proof. M is linear by 3.24. If T € L(V, W) and M(T) = 0, then Tv, = 0 for each k = 1,..., n by
3.21. Thus T = 0. Thus M is injective by 3.11. The surjectivity is by 3.4. -

Corollary 3.40. Suppose V and W are finite-dimensional. Then

dim £(V, W) = (dim V)(dim W).

Vectors has matrices.

Theorem 3.41. Suppose T € L(V, W) and v, ...,v, is a basis of V and wy, ..., Wy, is a basis of
W. Let1 < k < n. Then the k" column of M(T), which is denoted by M(T) x, equals M(Tuvy).

Linear maps act like matrix multiplication.
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Theorem 3.42. Suppose T € L(V,W) andv € V. Suppose vy, ...,v, is a basis of V and
Wi, ..., Wy, is a basis of W. Then

M(Tv) = M(T)M(v).

Theorem 3.43. Suppose V and W are finite-dimensional and T € L(V, W). Then dim range T
equals the column rank of M(T).

Definition 3.44. A square matrix A is called invertible or nonsingular if there is a square
matrix B of the same size such that AB = BA = I; we call B the inverse of A and denote it by
AL

Theorem 3.45. Suppose that uy, ..., u, andvy,...,v, are bases of V. Then the matrices
M(I,(ul,...,un), (Ul,---,vn)) and M(I, (Ul,'--,vn):(uls---:un))

are invertible, and each is the inverse of the other.

Theorem 3.46. Suppose T € L(V). Suppose ui, ..., u, andv,...,v, are bases of V. Let
A= M(T,(ul,..., un)) and B = M(T, (vy, ...,vn))

and
C= M(I, (U, ..., uy), (vy, ..., v,,)).

Then
A= C'BC.

Theorem 3.47. Suppose that vy, ...,v, is a basis of V and T € L(V) is invertible. Then
M(T™) = (M(D) ",

where both matrices are with respect to the basis vy, ..., v,.
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Exercises

Exercise 11. Suppose V is finite-dimensional and S, T € L(V). Prove that

ST is invertible < S and T are invertible.

3F Duality

Definition 3.48. A linear functional on V is a linear map from V to F.

Definition 3.49. The dual space of V, denoted by V’, is the vector space of all linear
functionals on V.
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CHAPTER 4

Polynomaials

Definition 4.1. Suppose z € C.
The complex conjugate of z € C, denoted by z, is defined by

Z =Rez — (Imz)i.

The absolute value of a complex number z, denoted by |z|, is defined by

|z = J(Re 2)? + (Im 2)2.

Remark 4.2. Suppose w, z € C. Then

(a) zz = |z

(b) wz = wz.

(©) |wz| = |w|zl.

(d) |w+z| <|wl+ ]zl

Theorem 4.3. Suppose m is a positive integer and p € P(F) is a polynomial of degree m.
Suppose A € F. Then p(A) = 0 if and only if there exists a polynomial q € P(F) of degreem — 1
such that

p(2) = (z = D)q(2)

for every z € F.

Proof. Suppose p(A) = 0. Let ay, ay, ..., an € F be such that
p(z) =ay+ajz+ -+ auz"
for all z € F. Then

p(2) = p(z) — p(A) = a1(z — 1) + -+ + ap(z" — A™)
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for all z € F. For each k € {1, ..., m}, we have that

k
K- =(z-1) Z Niigk=

j=1

as desired. The other direction is trivial. —

Theorem 4.4. Suppose m is a positive integer and p € P(F) is a polynomial of degree m. Then
p has at most m zeros in F.

This is by induction and 4.3.

Corollary 4.5. The coefficients of a polynomial are uniquely determined by the polynomial.

Proof. If a polynomial had two different sets of coefficients, then subtracting the two representa-
tions of the polynomial would give a polynomial with some nonzero coefficients but infinitely
many Zzeros. —

In particular, the degree of a polynomial is uniquely defined.

Theorem 4.6. Suppose that p,s € P(F), with s # 0. Then there exist unique polynomials
q,r € P(F) such that
p=sq+r

and deg r < deg s.

Proof. Let n = deg p and let m = degs. If n < m, then take ¢ = 0 and r = p to get the desired
equation p = sq + r with deg r < deg s. Thus we now assume that n > m. The list

is linearly independent in P,(F) because each polynomial in this list has a different degree.
Also, this list has length n + 1, which equals dim P,(F). Hence it is a basis of P,(F). Because
p € P,(F) and the above list is a basis of P,(F), there exist unique constants ay, ay, ..., @n-; € F
and by, by, ..., b,_, € F such that

pP=ay+arz+ -+ an 2"+ bes+ bizs+ -+ by_pz" s
=ay+a1z+ -+ an 2" +s(bg+ bz + -+ bypz™™).

J

r q
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With r and q as defined above, we see that p can be written as p = sq + r with degr < deg s, as
desired. The uniqueness of g, r € P(F) satisfying these conditions follows from the uniqueness of
the constants ay, a4, ..., a,—; € Fand b, by, ..., b,_,, € F. —

Theorem 4.7. Fundamental Theorem of Algebra, 1°* Version
Every nonconstant polynomial with complex coefficients has a zero in C.

Proof. to do =

Theorem 4.8. Fundamental Theorem of Algebra, 2" Version
If p € P(C) is a nonconstant polynomial, then p has a unique factorization (except for the order

of the factors) of the form
p(z) = c(z — A1) = (2 — A),

where c, A4, ..., A, € C.

Proof. The existence of the desired factorization is by induction, using 4.7 and 4.3. The uniqueness
of the desired factorization is again by induction: If

(z=A)(z=2Aw) = (z— 1) (2= )

for all z € C, then because the left side of the equation above equals 0 when z = A;, one of the 7’s
on the right side equals A;. Relabeling, we can assume that 7, = A,. If z # A,, divide both sides of
the eqation by z — A, getting

(z=22) (2= An) = (2= 12) (2 — T)

for all z € C except possibly z = A,. Actually for all z € C, because otherwise by subtracting the
right side from the left side we would get a nonzero polynomial that has infinitely many zeros. By
inductive hypothesis we are done. —

Theorem 4.9. Suppose p € P(C) is a polynomial with real coefficients. If A € C is a zero of p,
then so is A.

Proof. Take the complex conjugate of both sides of the equation. By 4.2 (b) we are done. -

Theorem 4.10. Suppose p € P(R) is a nonconstant polynomial. Then p has a unique factor-
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ization (except for the order of the factors) of the form
p(x) = el — Ay) = (x = A)(X* + byx + ¢1) -+ (x* + byx + cy),

wherec, Ay, ..., Ay, by, ..., by, c1, ..., e € R, with b,f < 4cy for each k.

Proof. Existence: Think of p as an element of P(C). If all (complex) zeros of p are real, then we
have the desired factorization by 4.8. Thus suppose p has a zero A € C with A ¢ R. By 4.9, A is a
zero of p. Thus we can write

p(x) = (x = D(x = Dg(x) = (x* = 2(Re Dx + |21*) ()

for some polynomial q € P(C) of degree two less than the degree of p. If we can prove that g has
real coefficients, then using induction on the degree of p completes the proof of the existence part
of this result.

To prove that g has real coefficients, we solve the equation above for g, getting

p(x)
x2 — 2(Re D)x + |A[?

q(x) =

for all x € R. The equation above implies that g(x) € R for all x € R. Writing

q(x) = ap + a;x + - + a,_px" %,

where n = deg p and ay, ..., a,—, € C, we thus have

n—2

0 =Imqg(x) = (Imay) + Imay)x + -+ (Im a,_,)x
for all x € R. This implies that Im a, ..., Im a,_, all equal 0 (by 4.4). Thus all coefficients of g are
real, as desired. Hence the desired factorization exists.

Uniqueness: A factor of p of the form x? + byx + ¢, with b? < 4¢; can be uniquely written as
(x — A)(x — A) with A, € C. Note that two different factorizations of p as an element of P(R)
would lead to two different factorizations of p as an element of P(C), contradicting 4.8. -
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CHAPTER 5

Eigenvalues and Eigenvectors

5A Invariant Subspaces

‘ Definition 5.1. A linear map from a vector space to itself is called an operator.

Suppose T € L(V).Ifm>2and V =V, & - ® V,,, where each V; is a nonzero subspace of V. We
natually want to study T|y,. If would be useful if T|y, is an operator on V;. Hence the following
definition.

Definition 5.2. Suppose T € L(V). A subspace U of V is called invariant under T if Tu € U
for every u € U.

Note that {0}, V, null T, and range T are invariant subspaces of V.

Take any v € V and v # 0. We want to verify if span(v) is an invariant subspace.

Definition 5.3. Suppose T € L(V). A number A € F is called an eigenvalue of T if there
exists v € V such that v # 0 and Tv = Av.

Theorem 5.4. Cf. 5.3. The following are equivalent if V is finite-dimensional.

(a) A is an eigenvalue of T.
(b) T — Al is not injective.

(c) T — Al is not surjective.
(d) T — Al is not invertible.

Definition 5.5. Suppose T € L£(V) and A € F is an eigenvalue of T. A vector v € V is called
an eigenvector of T corresponding to A if v # 0 and Tv = Av.
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Remark 5.6. Tv = Av iff (T — A)v = 0, thus v € V with v # 0 is an eigenvector of T
corresponding to A iff v € null(T — AI).

Theorem 5.7. Suppose T € L(V). Then every list of eigenvectors of T corresponding to distinct
eigenvalues of T is linearly independent.

Proof. Suppose the desired result is false. Then there exists a smallest positive integer m such
that there exists a linearly dependent list vy, ..., v, of eigenvectors of T corresponding to distinct
eigenvalues A, ..., A, of T (note that m > 2 because an eigenvector is, by definition, nonzero).
Thus there exist ay, ..., a, € F, none of which are 0 (because of the minimality of m), such that

avy + -+ auvy, = 0.
Apply T — A,,I to both sides of the equation above, getting
(11(/11 - Am)vl + e+ am—l(lm—l - /lm)vm—l =0.

Because the eigenvalues A, ..., A,, are distinct, none of the coefficients above equal 0. Thus
U1, ..., Um—1 is a linearly dependent list of m — 1 eigenvectors of T corresponding to distinct eigen-
values, contradicting the minimality of m. This contradiction completes the proof. =

Comment. Can be proved by induction. But this treatment is way more elegant.

Corollary 5.8. Suppose V is finite-dimensional. Then each operator on V has at most dim V
distinct eigenvalues.

Definition 5.9. Suppose T € L£(V) and m is a positive integer.

« T™ € L(V) is defined by
" =T.T.

——
m times

o T° is defined to be the identity operator I on V.
o If T is invertible with inverse T}, then T™™ € L(V) is defined by

T = (T
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Definition 5.10. Suppose T € L(V) and p € P(F) is a polynomial given by
p(2) = ap+ a1z + ayz* + - + apz”
for all z € F. Then p(T) is the operator on V defined by

p(T) = aol +a,T + a,T? + - + a, T™.

Note that p — p(T) is linear with a fixed operator.

Remark 5.11. Suppose p,q € P(F) and T € L(V). Then

(@) (pg)(T) = p(T)q(T);
(b) p(T)g(T) = q(T)p(T).

This is by computation.

Theorem 5.12. Suppose T € L(V) and p € P(F). Then null p(T) and range p(T) are
invariant under T.

Proof. Suppose u € null p(T). Then p(T)u = 0. Thus by 5.11 (b)

(p(T)X(Tu) = T(p(T)u) = T(0) = 0.
Hence Tu € null p(T). Thus null p(T) is invariant under T, as desired.
Suppose u € range p(T). Then there exists v € V such that u = p(T)v. Thus by 5.11 (b)

Tu = T(p(T)) = p(T)(Tv).

Hence Tu € range p(T). Thus range p(T) is invariant under T, as desired. -

5B The Minimal Polynomial

Theorem 5.13. Every operator on a finite-dimensional nonzero complex vector space has an
eigenvalue.

Proof. Suppose V is a finite-dimensional complex vector space of dimension n > 0 and T € L(V).
Choose v € V with v # 0. Then
v, Tv, T?, ..., T"
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is not linearly independent, because V has dimension n and this list has length n + 1. Hence some
linear combination (with not all the coefficients equal to 0) of the vectors above equals 0. Thus
there exists a nonconstant polynomial p of smallest degree such that

p(T)v = 0.
By 4.7 there exists A € C such that p(1) = 0. Hence there exists a polynomial g € P(C) such that
p(2) = (z— D)q(2)
for every z € C. This implies that
0= p(T = (T — AD(q(T)v).

Because g has smaller degree than p, we know that g(T)v # 0. Thus the equation above implies
that A is an eigenvalue of T with eigenvector q(T)v. —

Definition 5.14. A monic polynomial is a polynomial whose highest-degree coefficient
equals 1.

Theorem 5.15. Suppose V is finite-dimensional and T € L(V). Then there is a unique monic
polynomial p € P(F) of smallest degree such that p(T) = 0. Furthermore, deg p < dim V.

Proof. If dim V' = 0, then [ is the zero operator on V and thus we take p to be the constant
polynomial 1.

Now use induction on dim V. Assume that dim V' > 0 and that the desired result is true for all
operators on all vector spaces over F of smaller dimensions. Let v € V be such that v # 0. The list
v, Tv, ..., T%" "y has length 1 + dim V and thus is linearly dependent. By 2.11 there is a smallest
positive integer m < dim V such that T™v is a linear combination of v, Tv, ..., T™ 'v. Thus there
exist scalars cy, ¢y, ¢y, ..., C—1 € IF such that

cv+cTo+ 4 T" 0+ T = 0. (*)
Define a monic polynomial g € P,(F) by
q(z) =co+ crz+ -+ cp 2"+ 2N
Then (*) implies that g(T)v = 0. If k is a nonnegative integer, then

q(T)(T*v) = T*(q(T)) = T*(0) = 0.
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2.11 shows that v, Tv, ..., T™ 'v is linearly independent. Thus the equation above implies that
dim null g(T) > m. Hence

dimrange ¢(T) = dim V — dimnull ¢(T) < dim V — m.

Because range g(T) is invariant under T, we can apply our induction hypothesis to the operator
T|;ange g(1) ON the vector space range q(T). Thus there is a monic polynomial s € P(F) with

deg s<dimV -m and S(Tlrange q(T)) =0.

Hence for all v € V we have

(s)(T)(v) = s(T)(g(TIv) =0
because g(T)v € range q(T) and s(T)|zange o) = S(T|range g(1)) = 0. Thus sq is a monic polynomial
such that deg sq < dim V and (sq)(T) = 0.

Thus one of degree at most dim V exists. Hence so does one of the smallest degree. The uniqueness
is by RAA, as usual. —

Definition 5.16. Cf. 5.15. p is called the minimal polynomial of T.

Theorem 5.17. Suppose V is finite-dimensional and T € L(V).

(a) The zeros of the minimal polynomial of T are the eigenvalues of T.
(b) If V is a complex vector space, then the minimal polynomial of T has the form

(z =) (2 = An),

where Ay, ..., Ay, is a list of all eigenvalues of T, possibly with repetitions.

Proof. (a) First suppose A € F is a zero of p. Then p can be written in the form
p(2) = (z = Dq(2),

where ¢ is a monic polynomial with coefficients in F. Because p(T) = 0, we have
0 = (T — AD(q(T)v)

for all v € V. Because the degree of q is less than the degree of the minimal polynomial p, there
exists at least one vector v € V such that q(T)v = 0. The equation above thus implies that A is an
eigenvalue of T, as desired.

For the other direction, suppose A € F is an eigenvalue of T. By p(T)v = p(Ad)v we are done.
(b) is by (a) and 4.8. —
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This with 5.15 and 4.4 should yield a second proof of 5.8.

Remark 5.18. Every monic polynomial is the minimal polynomial of some operator (described
by the companion matrix of the polynomial, cf. 5B.16). Hence finding exact expressions for the
zeros of a polynomial can be reduced to finding exact eigenvalues of an operator. The latter is
thus not possible.

Theorem 5.19. Suppose V is finite-dimensional, T € L(V), and q € P(F). Then q(T) = 0 iff
q is a polynomial multiple of the minimal polynomial of T.

Proof. Let p denote the minimal polynomial of T. First suppose q(T) = 0. By 4.6 there exist
polynomials s, r € P(F) such that ¢ = ps+ r and deg r < deg p. We have

0 =q(T) = p(T)s(T) + r(T) = r(T).

Note that » = 0 due to the minimality of p. Hence g is a polynomial multiple of p, as desired. The
other direction is trivial. —

Corollary 5.20. Suppose V is finite-dimensional, T € L(V), and U is a subspace of V that is
invariant under T. Then the minimal polynomial of T is a polynomial multiple of the minimal
polynomial of T|y.

Theorem 5.21. Suppose V is finite-dimensional and T € L(V). Then T is not invertible if and
only if the constant term of the minimal polynomial of T is 0.

Proof. Suppose T € L(V) and p is the minimal polynomial of T. Then by 5.17 (a)

T is not invertible & 0 is an eigenvalue of T
< 0isazeroof p

< the constant term of p is 0. —

Lemma 5.22. Suppose F = R and V is finite-dimensional. Suppose also that T € L(V') and
b, c € R with b® < 4c. Then dimnull(T? + b T + cI) is an even number.

Proof. By replacing V with null(T?+b T+cI) and replacing T with T restricted to null(T?+b T+cI),
we can assume that T> + b T + cI = 0; we now need to prove that dim V is even. Suppose A € R
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and v € V are such that Tv = Av. Then

0=(T*+bT+cv=A*+bA+c) = ((A+%)2+c—b§>v.
The term in large parentheses above is a positive number. Thus the equation above implies that
v = 0. Hence we have shown that T has no eigenvectors.

Let U be a subspace of V that is invariant under T and has the largest dimension among all
subspaces of V that are invariant under T and have even dimension. If U = V, then we are done;
otherwise assume there exists w € V such that w ¢ U.

Let W = span(w, Tw). Then W is invariant under T because T(Tw) = —bTw — cw. Furthermore,
dim W = 2 because otherwise w would be an eigenvector of T. Now

dim(U + W) = dim U + dim W — dim(U n W) = dim U + 2,

where U N W = {0} because otherwise U N W would be a one-dimensional subspace of V that is
invariant under T (impossible because T has no eigenvectors).

Because U + W is invariant under T, the equation above shows that there exists a subspace of V
invariant under T of even dimension larger than dim U. Thus the assumption that U # V was
incorrect. Hence V has even dimension. —

Theorem 5.23. Operators on odd-dimensional vector spaces have eigenvalues.

Proof. Suppose F = R and V is finite-dimensional. Let n = dim V, and suppose n is an odd number.
Let T € L(V). We will use induction on 7 in steps of size two to show that T has an eigenvalue.
To get started, note that the desired result holds if dim V' = 1 because then every nonzero vector
in V is an eigenvector of T.

Now suppose that n > 3 and the desired result holds for all operators on all odd-dimensional vector
spaces of dimension less than n. Let p denote the minimal polynomial of T. If p is a polynomial
multiple of x — A for some A € R, then A is an eigenvalue of T by 5.17 (a) and we are done. Hence
assume that there exist b, ¢ € R such that b® < 4c and p is a polynomial multiple of x* + bx + ¢
by 4.10.

There exists a monic polynomial g € P(R) such that
p(x) = q(x)(x* + bx + ¢)

for all x € R. Now
0=p(T)=(q(T)XT*+bT + cl),

which means that q(T) equals 0 on range(T? + bT + cI). Because deg g < deg p and p is the
minimal polynomial of T, this implies that range(T? + bT + cI) = V.
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By 3.15 we have that
dim V = dimnull(T? + b T + cI) + dimrange(T* + b T + cI).

Because dim V is odd (by hypothesis) and dim null(T? + bT + cI) is even by 5.22, the equation
above shows that dimrange(T? + b T + cI) is odd.

Hence range(T?+ b T + cI) is a subspace of V that is invariant under T and that has odd dimension
less than dim V. Our induction hypothesis now implies that T restricted to range(T* + b T + cI)
has an eigenvalue, which means that T has an eigenvalue. —

Exercises

Exercise 16. Suppose ay,...,a,-; € F. Let T be the operator on F" whose matrix (with
respect to the standard basis) is

0 —ap
1 0 —a,
1 —da,
0
1 —0anp—1

Here all entries of the matrix are 0 except for all 1’s on the line under the diagonal and the
entries in the last column (some of which might also be 0). Show that the minimal polynomial
of T is the polynomial

Qo+ a;z+ - +a,_ 2"+ 2"

to do

5C Upper-Triangular Matrices

A central goal of linear algebra is to show that given an operator T on a finite-dimensional vector
space V , there exists a basis of V with respect to which T has a reasonably simple matrix.

Theorem 5.24. Suppose T € L(V) and vy,...,v, is a basis of V. Then the following are
equivalent.

(a) The matrix of T with respect to vy, ..., v, is upper triangular.
(b) span(vy,...,vy) is invariant under T for each k = 1,..., n.
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(c) Tvy € span(vy,...,vy) foreachk = 1,..., n.

Theorem 5.25. Suppose T € L(V) and V has a basis with respect to which T has an upper-
triangular matrix with diagonal entries A4, ..., A,. Then

(T = A1)~ (T — A1) = 0.

Proof. Let vy, ...,v, denote a basis of V with respect to which T has an upper-triangular matrix
with diagonal entries A, ..., A,. Then Tv; = A,v;, which means that (T — A,I)v; = 0, which implies
that

(T-MI)-(T—A,Dv, =0

for m = 1,..., n (using the commutativity of each T — A;I with each T — AI).

Note that (T — A,I)v, € span(v;). Thus (T — A, I)(T — A,1)v; = 0 (by the previous paragraph),
which implies that
(T - /11.[) (T - AmI)U2 =0

for m = 2,..., n (using the commutativity of each T — A;I with each T — A¢I).
Continuing this pattern, we see that
(T—-MI)(T—A,Dv =0

for each k = 1,..., n. Thus (T — A1) --- (T — A,I) is the 0 operator because it is 0 on each vector in
a basis of V. —

Theorem 5.26. Suppose T € L(V) has an upper-triangular matrix with respect to some basis
of V. Then the eigenvalues of T are precisely the entries on the diagonal of that upper-triangular
matrix.

Proof. Suppose vy, ..., v, is a basis of V with respect to which T has an upper-triangular matrix
A *
M(T) =
0 An

Because Tv; = Ajv;, we see that A, is an eigenvalue of T.

Suppose k € {2,...,n}. Then (T — AcDvy € span(vy, ..., vk—1). Thus T — AT maps span(vy, ..., v)
into span(vy, ..., vx_;). Because

dimspan(vy,...,vx) =k and dimspan(v,...,v5-1) = k—1,

40



Eigenvalues and Eigenvectors

this implies that T — A.I restricted to span(vy,...,vx) is not injective. Thus there exists v €
span(vy, ..., vg) such that v # 0 and (T — AxI)v = 0. Thus Ay is an eigenvalue of T. Hence we have
shown that every entry on the diagonal of M(T) is an eigenvalue of T.

To prove T has no other eigenvalues, let q be the polynomial defined by

q(z) = (z = A) - (z = An).

Then q(T) = 0. Hence q is a polynomial multiple of the minimal polynomial of T. Thus every
zero of the minimal polynomial of T is a zero of q. Because the zeros of the minimal polynomial
of T are the eigenvalues of T, this implies that every eigenvalue of T is a zero of q. Hence the
eigenvalues of T are all contained in the list A4, ..., 4,. —

Theorem 5.27. Suppose V is finite-dimensional and T € L(V). Then T has an upper-triangular
matrix with respect to some basis of V if and only if the minimal polynomial of T equals

(z = 241) (2= An)

for some Ay, ..., Ay € F.

Proof. First suppose T has an upper-triangular matrix with respect to some basis of V. Let ay, ..., @,
denote the diagonal entries of that matrix. Define a polynomial g € P(F) by
q(z) = (z — 1)~ (z — aw).

Then q(T) = 0 by 5.25. Hence by 5.19 q is a polynomial multiple of the minimal polynomial of
T. Thus the minimal polynomial of T equals (z — A;) - (z — A,,) for some A4,...,A,, € F with
{Al; ceey Am} C {0{1, ceey an}.

To prove the implication in the other direction, now suppose the minimal polynomial of T equals
(z—= A1) (z—Ap) for some Ay, ..., A, € F. Use induction on m. To get started, if m = 1 then z — A,
is the minimal polynomial of T, which implies that T = A,I, which implies that the matrix of T
(with respect to any basis of V) is upper triangular.

Now suppose m > 1 and the desired result holds for all smaller positive integers. Let
U = range(T — A,I).

Then U is invariant under T. Thus Ty is an operator on U.

If u e U, then u = (T — A,I)v for some v € V and

(T-MD) (T = Ay Du = (T = 44 I) (T = AnDv = 0.
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Hence (z — A;) - (z — A1) is a polynomial multiple of the minimal polynomial of T|y. Thus the
minimal polynomial of T|y is the product of at most m — 1 terms of the form z — A;.

By our induction hypothesis, there is a basis u, ..., uy of U with respect to which T|; has an
upper-triangular matrix. Thus for each k € {1,..., M}, by 5.24 we have

Tui = (T|y)(ur) € span(uy, ..., ug). (*)
Extend uy, ..., uy to a basis uy, ..., Uy, vy, ..., vy of V. For each k € {1,..., N},
Tv, = (T - AmI)Uk + Aml)k.

The definition of U shows that (T — A, I)vx € U = span(uy, ..., uy). Thus the equation above
shows that
Toy € span(uy, ..., Uy, U1, ... , Ug). (%)

From (*) and (**), we conclude by 5.24 that T has an upper-triangular matrix with respect to the
basis uy, ..., Uy, Vg, ..., 0y of V, as desired. —

Corollary 5.28. Suppose V is a finite-dimensional complex vector space and T € L(V'). Then
T has an upper-triangular matrix with respect to some basis of V.

Exercises

Exercise 2. Suppose A and B are upper—-triangular matrices of the same size, with a4, ..., @,
on the diagonal of A and S, ..., f, on the diagonal of B.

(a) Show that A+ B is an upper-triangular matrix with a; + f, ..., @, + 8, on the diagonal.
(b) Show that AB is an upper-triangular matrix with o, ..., &, 8, on the diagonal.

to do

5D Diagonalizable Operators

Definition 5.29. An operator on V is called diagonalizable if the operator has a diagonal
matrix with respect to some basis of V.
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Definition 5.30. Suppose T € L(V) and A € F. The eigenspace of T corresponding to A is
the subspace E(A, T) of V defined by

EAT)=(T—-AD)={weV : Tv= A}

Hence E(A, T) is the set of all eigenvectors of T corresponding to A, along with the 0 vector.

Theorem 5.31. Suppose T € L(V) and Ay, ..., Ay, are distinct eigenvalues of T. Then
E(A, T) + -+ E(Ay, T)
is a direct sum. Furthermore, if V is finite-dimensional, then

dimE(A,,T) + -+ dimE(A,,, T) < dim V.

Theorem 5.32. Suppose V is finite-dimensional and T € L(V). Let Ai,..., A, denote the
distinct eigenvalues of T. Then the following are equivalent.

(a) T is diagonalizable.

(b) V has a basis consisting of eigenvectors of T.
(c) V=EA,T)® - ®EA,T).

(d) dimV = dimE(A;, T) + - + dim E(A,,, T).

Proof. We prove only (d)<(b). Suppose (d) holds; thus
dimV =dimE(Ay, T) + -+ + dim E(A,,, T).

Choose a basis of each E(A, T); put all these bases together to form a list vy, ..., v, of eigenvectors
of T, where n = dim V. To show that this list is linearly independent, suppose

av; + -+ aw, =0,

where a;, ..., a, € F. For each k = 1,...,m, let u; denote the sum of all the terms a;v; such that
v; € E(Ak, T). Thus each uy is in E(Ay, T), and

u +--+u,=0.

By 5.7 each uy equals 0. Thus all a;’s equal 0. Thus vy, ..., v, is linearly independent and hence is a
basis of V, as desired. —
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Corollary 5.33. Suppose V is finite-dimensional and T € L(V') has dim V distinct eigenvalues.
Then T is diagonalizable.

Theorem 5.34. Suppose V is finite-dimensional and T € L(V'). Then T is diagonalizable if
and only if the minimal polynomial of T equals

(z = 241) (2= An)

for some list of distinct numbers Ay, ..., A, € F.

Proof. First suppose T is diagonalizable. Thus there is a basis vy, ..., v, of V consisting of eigen-
vectors of T. Let A4, ..., A, be the distinct eigenvalues of T. Then for each v, there exists A, with
(T = ADv; = 0. Thus

(T =10 (T = AuDv; = 0,

which implies that the minimal polynomial of T equals (z — A;) - (z — 4,,). (Some eigenvalues
may be left off.)

To prove the other direction, suppose the minimal polynomial of T equals (z — A;) -+ (z — A,,) for
some list of distinct numbers Ay, ..., A,, € F. Thus

(T =MD (T = AnD) =0. (%)

Use induction on m. Base case: suppose m = 1. Then T — A;I = 0, which means that T is a scalar
multiple of the identity operator, which is diagonalizable.

Suppose that m > 1 and the desired result holds for all smaller values of m. The subspace
range(T — A,,I) is invariant under T. Thus Tlange(r—1,1) is an operator on range(T — A,,I).

If u € range(T — A,,I), then u = (T — A,,])v for some v € V, and () implies
(T—20D)(T—=Ap1Du=(T—-MI)--(T - A,y =0. (%)

Hence (z — A1) -+ (z — Ap—1) is a polynomial multiple of the minimal polynomial of T restricted to
range(T — A,,I). Thus by our induction hypothesis, there is a basis of range(T — A,,I) consisting
of eigenvectors of T.

Suppose that u € range(T — A,,I) N null(T — A,,I). Then Tu = A, u. Now (**) implies that
0= (T - /11[) (T - Am—ll)u = (Am - )Ll) (Am - Am—l)u~
Because A4, ..., A,, are distinct, the equation above implies that u = 0. Hence

range(T — A, 1) N null(T — A,,I) = {0}.
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Thus range(T — A,I) + null(T — A,,I) is a direct sum whose dimension is dim V.
range(T — A,,]) ® null(T — A,,1) = V.

Every vector in null(T — A,,I) is an eigenvector of T with eigenvalue A,,. Earlier in this proof we
saw that there is a basis of range(T — A,,I) consisting of eigenvectors of T. Adjoining to that basis
a basis of null(T — A,,I) gives a basis of V consisting of eigenvectors of T, as desired. —

Cf. 5.27. The next result is by 5.20.

Corollary 5.35. Suppose T € L(V) is diagonalizable and U is a subspace of V that is invariant
under T. Then T|y is a diagonalizable operator on U.

Definition 5.36. Suppose T € L(V) and vy, ..., v, is a basis of V. Let A denote the matrix of
T with respect to this basis. A Gershgorin disk of T with respect to the basis vy, ..., v, is a set
of the form

n

z€eF: |Z_AJ,]|SZ|AJ,IC| 9
k=1
k#j

where j € {1, ..., n}.

Theorem 5.37. Suppose T € L(V) and vy, ...,v, is a basis of V. Each eigenvalue of T is
contained in some Gershgorin disk of T with respect to the basis vy, ..., v,.

Proof. Suppose A € F is an eigenvalue of T. Let w € V be a corresponding eigenvector. There
exist ¢y, ..., ¢, € F such that
W = CUg + +++ + CpUyp. (*)

Let A denote the matrix of T with respect to the basis vy, ..., v,. Applying T to both sides of the
equation above gives

Aw = i cx Tog

k=1

= Z Ck Z Aj,kvj
k=1 j=1

= Z (Z Aj,kck> vj. (%)
j=1 \ k=1

45



Eigenvalues and Eigenvectors

Let j € {1, ..., n} be such that
|C]| = maX{|C1|,---s |Cn|}-

By (x) and (x)
/1Cj = ZAj)ka.
k=1

Subtract A; jc; from each side of the equation above and then divide both sides by c; to get

n n
Ck
k=1 € k=1

k= k=

Thus A is in the j* Gershgorin disk with respect to the basis vy, ..., v,.

Exercises

Exercise 21. The Fibonacci sequence F, F;, F,, ... is defined by
F,=0, F,=1 and F,=F,,+F,; forn>2.

Define T € L(R*) by T(x,y) = (y,x + y).

(a) Show that T"(0,1) = (F,, F,4) for each nonnegative integer n.
(b) Find the eigenvalues of T.

(c) Find a basis of R? consisting of eigenvectors of T.

(d) Use the solution to (c) to compute T"(0, 1). Conclude that

1+5\" (1-5)"
2 2
(e) Use (d) to conclude that if n is a nonnegative integer, then the Fibonacci number F, is

the integer that is closest to
1 (1+5)"
5\ 2 '

1

V5

for each nonnegative integer n.

EF, =

to do

Exercise 22. Question to fill in.

to do
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CHAPTER 6

Inner Product Spaces

6A Inner Products and Norms

Definition 6.1. For x, y € R", the dot product of x and y, denoted by x - y, is defined by
X - y = xlyl + 5050 + xnyn’

where x = (x,...,x,) and y = (31, ..., Yn)-

Definition 6.2. An inner product on V is a function (u,v) € V?  (u,v) € F and has the
following properties.

1. positivity
(v,v) >0 forallve V.

2. definiteness
(v,v) =0 ifand only ifv = 0.

3. additivity in first slot

(u+v,w)=(u,w)+(v,w) forallu,n,weV.
4. homogeneity in first slot

(Au,v) = A{u,v) forall A € Fandall u,v € V.

5. conjugate symmetry
(u,v) =(v,u) forallu,veV.

For A € C, the notation A > 0 means that A is real and nonnegative.
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Definition 6.3. An inner product space is a vector space V along with an inner product on
V.

Theorem 6.4. Basic properties of an inner product.

(a) For each fixedv € V, the function that takes u € V tou,v) is a linear map from V toF.
(b) (0,v) =0 foreveryve V.

(c) (v,0) =0 foreveryve V.

(d) (u,v+w) =(u,v) +{u,wy foraluv,weV.

(e) {u, ) = Au,v) forallA€F andallu,veV.

Definition 6.5. For v € V, the norm of v, denoted by |v|, is defined by

vl = (v, v).

We mainly use norms induced by inner products in this note. Cf. 6.13.

Remark 6.6. Supposev € V.

(@) |v] = 0if and only if v = 0.
(b) |Av| = |A||lv]| forall A € F.

Definition 6.7. Say that u,v € V are orthogonal or u is orthogonal to v if (u,v) = 0.

Theorem 6.8. Pythagorean Suppose u,v € V. If u and v are orthogonal, then

Ju+ol® = lul® + Jol”.

Remark 6.9. Suppose u,v € V, with v # 0. Set

_wo) (u.0)

c= and w=u-
[vl® Jol?

V.

Then
u=co+w and (w,v)=0.
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Theorem 6.10. Cauchy-Schwarz Inequality Suppose u,v € V. Then
(w0} < Ju o]

This inequality is an equality if and only if one of u,v is a scalar multiple of the other.

Proof. Trivial by 6.9.

Theorem 6.11. Triangle Inequality Suppose u,v € V. Then
lu+ v < ful + [o].

This inequality is an equality if and only if one of u,v is a nonnegative real multiple of the other.

Proof. Trivial by 6.10.

Theorem 6.12. Parallelogram Equality Suppose u,v € V. Then

lu+ol® + lu— o = 2(Jul® + Jol").

Exercises

Exercise 15. Suppose u,v are nonzero vectors in R% Prove that
(u,0) = |ul Jo] cos 6,

where 0 is the angle between u and v (thinking of u and v as arrows with initial point at the
origin).

Trivial. Included for that this is widely applied.

Definition 6.13. A norm on a vector space U is a function | - | : U — [0, ) such that the
following properties hold for all u,v € U and all @ € F:

(@) |u| = 0if and only if u = 0;

(b) laul = |al]ul;
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(©) lu+ol < lul + [of.

Exercise 28. Prove that a norm satisfying 6.12 comes from an inner product.

Proof. Real case. Define
(e, y) o= (I + yI? = lx = yIF).

Complex case. Define
(x,y) o= { (b + Y1 =l = yI? + il + iyl — ilx = iyl?).

We prove only that the function in complex case is indeed an inner product. First note that
(x,x) = |x|? satisfies positivity and definiteness. For conjugate symmetry, note that

(e ) = e+ 9P =l =yl = illx + iyl + ilx = iyl?)
= 1+ ylP =l = ylP =i lil | —ix + ylP +il =il | +ix + y?)
= 1 (b + yP =l = yl? = ily + ixl? + ily = ix[?) = (y, %).
Before we prove additivity and homogeneity in the first argument, set g(x) := |x|*. The parallelo-

gram identity is
q(u +v) + q(u—v) = 2q(u) + 2q(v) (Vu,v € V). (P)
And define for x,y € V
1
(y) 1= 4 (a0 +3) = ale = )+ i e +i9) =i g — i) ) (o)
Additivity. Fix y € V and x, x, € V. First handle the real part. Apply (P) with u = x; + y, v = x:
qx; + x5+ y) + gy — x, + y) = 2q(x; + y) + 2q(x2). (A1)
Apply (P) with u = x; — y, v = x:
qx1 + x5, — y) + g1 — x, — y) = 2q(x; — y) + 2q(x2). (A2)
Subtract (A2) from (A1):
(gt + %+ ¥) — qGa +x— 1)) + (gl — x2 + y) — qx1 — x2 — y))
=2(q(x + ) — q(x1 - ¥)).

Now swap x1, x, in the same derivation. Using u = x, + y,v = x; and u = x; — y, v = x; wWe obtain

(A3)

(gt +x2+y) — g+ x2 — ) + (q(=x1 + %, + y) — q(=x1 + 2 — ¥))

A4
=2(q(xz + y) — q(x2 — ¥)). A
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Since q is even, q(—x; + x; + y) = q(x; — x, F y). Substitute these into (A4) to get

(Q(xl +x+y) = qlxy +x; — )’)) + (Q(xl —x2—¥) = q(x; — x; + J/))

(A5)
=2(q(x + ) — q(xz — ¥)).
Adding (A3) and (A5) cancels the middle terms and yields
2(q(x1 + 3+ y)— qlx; + x — y))
(A6)
= 2<(q(x1 +3) — g — ) + (e + ¥) — q(x; — y)))-
Divide by 8 to obtain
Re(x; + x5, y) = Re(xy, y) + Re(xy, ). (A7)

For the imaginary part, replace y by iy in the previous argument. Repeating (A1)-(A6) with
y iy gives
Re(x; + x3,iy) = Re(xy,iy) + Re(xy, iy). (A8)

But by (C0),
tm{x, ) = § (g +iy) — q(x — iy)) = Rec, iy). (49)
Combining (A8) and (A9) gives
Im(x; + xp, y) = Im(x;, y) + Im(x,, y). (A10)

Together, (A7) and (A10) imply

(x4 %2, ¥) = (x1,¥) + {2, y). (Add)
Homogeneity.
(a) Integer and rational real scalars. From (Add) with x; = x, = -+ = x (induction) and the identity
(=x,y) = =(x, y) (obvious from (C0)), we have

(nx,y) =n{x,y) (VneZ). (H1)

Let r = ™ € Q with n # 0. Then by (H1),

n(rx, y) = (nrx,y) = (mx, y) = m(x, y),

hence
(rx,y) =r{x,y) (vreQ). (H2)

(b) Real scalars by continuity. The map t — (tx, y) is continuous because it is a linear combination
of continuous maps t — g(tx + y). Since Q is dense, (H2) extends to all ¢ € R:

(tx,y) = t{x,y) (Vt€eR). (H3)
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(c) Multiplication by i. Using (C0) and the norm homogeneity |iz| = |z|,

(ix,y) = i(q(ix +y) — qlix — y) +iqlix +iy) — i q(ix — iy))

:i(q(x—iy)—q(X+iy)+iq(x+y)—iq(x—y)> (He)

- —i(q(x +iy) —qlx —iy)) + i i(q(x +y) = q(x - y))
=—Im(x,y) + i Re(x,y) = i(Re(x, y) + i Im(x, y}) = i{(x,y).

(d) General complex scalars. For ¢« = a + ib with a,b € R, using (H3), (H4), and (Add) with
X = ax, x, = bx,

(ax,y) = {ax + b(ix), y) = (ax,y) + (b(ix), y) = a{x, y) + b (ix, y)

= (a+ib)x,y) = alx, y). (Hom)

(Add) and (Hom) gives linearity of (-, y) in the first argument over C. —

6B Orthonormal Bases

Definition 6.14. A list of vectors is called orthonormal if each vector in the list has norm 1
and is orthogonal to all the other vectors in the list.

Theorem 6.15. Ife,..., e, is an orthonormal list of vectors in V, then
2
|arer + - + amen|” = lasl® + - + |an/*

foralla,...,a, €F.

Corollary 6.16. Every orthonormal list of vectors is linearly independent.

Theorem 6.17. Bessel’s Inequality Suppose e, ..., €, is an orthonormal list of vectors in V.
Ifv €V then
K, el” + - + K, en)l* < ol
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Proof. Suppose v € V. Then

v=(v,e)e; + -+ (U, em)en+v—(v, e1)e; — - — (v, en)en.

J N

u w

Let u and w be defined as in the equation above. If k € {1, ..., m}, then
(w, ex) = (v, ex) — (v, ex){ex, ex) = 0.
This implies that (w, u) = 0. By 6.8 and 6.15,

[ol* = Tul* + 1wl > [ul* = Ko, e)l* + - + Kv, en)I*. 4

Definition 6.18. An orthonormal basis of V is an orthonormal list of vectors in V that is
also a basis of V.

By 6.16 and 2.24, we have that

Theorem 6.19. Suppose V is finite-dimensional. Then every orthonormal list of vectors in V
of length dim V is an orthonormal basis of V.

Theorem 6.20. Suppose ey, ..., e, is an orthonormal basis of V and u,v € V. Then
(a) U= <U’ el>el + et <U, en>en:

(b) o = Ko, en)l* + - + Ko, en)l”,
(©) (u,v) = (u, &)V, €1) + - + (u, e )V, €n).

Note that each inner product space of dimension n (when given an orthonormal basis) behaves
like F", with the role of the coordinates of a vector in F" played by (v, e;), ..., (v, €y).

Theorem 6.21. Gram-Schmidt Procedure Suppose v, ...,v,, is a linearly independent list
of vectorsin V. Let f; = v,. For k = 2,...,m, define f; inductively by

. (v f1) o (ks fr-1)
= h il

i Ji:

Foreachk =1,...,m, let

_ &
| fil

€k
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Then ey, ..., e, is an orthonormal list of vectors in V such that

span(vy, ..., vx) = span(ey, ..., )

foreachk =1,...,m.

Corollary 6.22. Every finite-dimensional inner product space has an orthonormal basis.

Corollary 6.23. Suppose V is finite-dimensional. Then every orthonormal list of vectors in V
can be extended to an orthonormal basis of V.

Theorem 6.24. Suppose V is finite-dimensional and T € L(V). Then T has an upper-triangular

matrix with respect to some orthonormal basis of V' if and only if the minimal polynomial of T
equals

(z= A1) (2= 2An)
for some Ay, ..., Ay € F.

Proof. Suppose T has an upper-triangular matrix with respect to some basis
U1, ..., U, of V. Thus span(vy, ..., vx) is invariant under T for each k = 1,..., n by 5.24. Apply the
Gram-Schmidt procedure to vy, ..., v,, producing an orthonormal basis ey, ..., e, of V. Because

span(ey, ..., ex) = span(vy, ..., Ux)
for each k by 6.21, we conclude that span(ey, ..., e;) is invariant under T for each k = 1,..., n. Thus,
by 5.24, T has an upper-triangular matrix with respect to the orthonormal basis ey, ..., e,. Now
5.27 completes the proof. —

Corollary 6.25. Schur Every operator on a finite-dimensional complex inner product space
has an upper-triangular matrix with respect to some orthonormal basis.

Theorem 6.26. Riesz Suppose V is finite-dimensional and ¢ is a linear functional on V.
Then there is a unique vectorv € V such that

o(u) = (u,v)

foreveryueV.
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Proof. First we show the existence of v. Let ey, ..., e, be an orthonormal basis of V. Then

p(u) = p((u, er)e; + -+ (u, en)e,)
= (u, engp(e) + - + (u, en)g(en)
= {u, p(e)) e+ + ¢(e,) €,

for every u € V. Thus setting
v= q)(el) e+t q)(en) €n>

we have ¢(u) = (u,v) for every u € V.

Now suppose vy, v, € V are such that

o(uw) = (u,01) = (u,v2)

for every u € V. Then
0= <U,Ul> - <u> vZ> = <u,U1 - UZ>

for every u € V. Taking u = v; — v, gives
[vs = vaf® =0,

which implies v; = v,, as desired.

Exercises

Exercise 10. Suppose vy, ..., Uy, is a linearly independent list in V. Explain why the or-
thonormal list produced by the formulas of the Gram—-Schmidt procedure 6.21 is the only
orthonormal list ey, ..., e, in V such that (v, ex) > 0 and

span(vy, ..., vr) = span(ey, ..., )

foreachk=1,...,m.

to do

6C Orthogonal Complements and Minimization Problems

Definition 6.27. If U is a subset of V, then the orthogonal complement of U, denoted by U+,
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is the set of all vectors in V that are orthogonal to every vector in U:

U-={veV :(uv)=0foreveryuc U}

Theorem 6.28. Properties of orthogonal complement.

(a) If U is a subset of V, then U~ is a subspace of V.

(b) {0} =V.

(c) V* ={o}.

(d) If U is a subset of V, then U n U* C {0}.

(e) If G and H are subsets of V and G C H, then H- C G*.

Theorem 6.29. Suppose U is a finite-dimensional subspace of V. Then

V=UeU"

The proof is trivial, if we consider 1.18 and an approach similar to 6.17.

Corollary 6.30. Suppose V is finite-dimensional and U is a subspace of V. Then

dim U+ = dim V — dim U.

Corollary 6.31. Suppose U is a finite-dimensional subspace of V. Then

U= (U~

Corollary 6.32. Suppose U is a finite-dimensional subspace of V. Then

Ut={0} = U=V.

Definition 6.33. Suppose U is a finite-dimensional subspace of V. The orthogonal projection
of V onto U is the operator Py € L£(V) defined as follows: For each v € V, write v = u + w,
where u € U and w € U*. Then let

Pyv = u.
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Theorem 6.34. Suppose U is a finite-dimensional subspace of V. Then
(a) Py € L(V);
(b) Pyu = u foreveryu € U;
(c) Puyw = 0 for every w € U*;
(d) range Py = U;
(e) null Py = U*;
(f) v— Pyv € U* foreveryv € V;
(g) Pj = Py;
(h) |Pyv| < |v| for everyv € V;
(i) if ey, ..., ey is an orthonormal basis of U andv € V, then

Pyv = (v, er)e; + - + (v, en)en.

Theorem 6.35. Riesz Suppose V is finite-dimensional. For eachv € V, define ¢, € V' by

@o(u) = (u,v)

for each u € V. Thenv w ¢, is a one-to-one function from V onto V.

Proof. Cf. 6.26. We prove only the surjectivity.

Let ¢ € V' be given. If ¢ = 0, then ¢ = ¢,. Thus assume ¢ # 0. Then null ¢ # V, which implies
(null )" = {0}.

Let w € (null ¢)* with w # 0 and define

_ o)
|l

Then v € (null p)* and v # 0 because w ¢ null ¢. Taking the norm of both sides of (x) gives

_ e(w)|
ol = =—~
Iwl
Applying ¢ to both sides of (x) we get
lp(w)I? 2
(v) = = [ol".
ST
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Now suppose u € V. Using the equation above, we can write
u= (u - o) v) + qo(t;) v.
¢(v) [l

The first term in parentheses lies in null ¢ and is therefore orthogonal to v. Taking the inner
product of both sides with v gives

vy = 290, 0y = ou)

ol

Thus ¢ = ¢,, showing that v — ¢, is surjective, as desired. —

Theorem 6.36. Suppose U is a finite-dimensional subspace of V,v € V, and u € U. Then
lo = Pyo] < Jo—ul.

Furthermore, the inequality above is an equality if and only if u = Pyv.

Proof. We have
lo = Pyol* < o — Pyol” + [Pyv — ul®
= (v — Pyv) + (Pyv — w)|?

= v ul" .

This result is often combined with the formula 6.34(i) to compute explicit solutions to minimization
problems.

Theorem 6.37. Suppose V is finite-dimensional and T € L(V, W). Then
Tl(null Tt

is a one-to-one map of (null T)* onto range T.

Proof. Suppose thatv € (null T)* and T 10 = 0. Hence Tv = 0 and thusv € (null T)n(null T)*,
which implies that v = 0. Hence null Ty e = {0}, which implies that T,y ) is injective, as
desired.

Suppose w € range T. Hence there exists v € V such that w = Tv. There exist u € null T and
x € (null T)* such that v = u + x. Now

T|(nullT)lx =Tx=Tvo—Tu=w—-0=w,

which shows that w € range T 1).. Hence range T C range Ty 1) —
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Definition 6.38. Suppose that V is finite-dimensional and T € L(V, W). The pseudoinverse
TT € £L(W,V) of T is the linear map from W to V defined by

-1
T'w = (Tlunry)  PrangeTW

for each we W.

Theorem 6.39. Suppose V is finite-dimensional and T € L(V, W).

(a) If T is invertible, then TT = T,
(b) TT? = Prnge = the orthogonal projection of W onto range T.
(c) TTT = Puunry: = the orthogonal projection of V onto (null T)*.

Theorem 6.40. Suppose V is finite-dimensional, T € L(V, W), and b € W.

(a) If x € V, then
IT(T*b) - b] < [Tx - bl,

with equality if and only if x € TTh + null T.

(b) Ifx € TTh + null T, then
ITB] < |xl,

with equality if and only if x = T'b.

Proof. (a) is by 6.36 and 6.39 (b). (b) The definition of T implies that Tb € (null T)*. Thus the

Pythagorean theorem implies that
IT*b] < [x]. —|
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CHAPTER 7

Operators on Inner Product Spaces

Assume from now on that V and W are finite dimensional vector spaces.

7A Self-Adjoint and Normal Operators

Definition 7.1. Suppose T € L(V, W). The adjoint of T is the function T* : W — V such
that
(Tv, w) = (v, T"w)

for every v € V and every w € W.

Consider the linear functional v — (Tv, w). By 6.26 there exists a unique vector in V such that
this linear functional is given by taking the inner product with it, which is called T*w.

Theorem 7.2. If T € L(V, W), then T* € L(W,V).

Proof. Suppose T € L(V,W).Ifv € V and w;, w, € W, then

(Tv, w; + wy) = (Tv, wy) +(Tv, wy)
= (v, T"wy) + (v, T"wy)
=, T"w; + T"wy).

The equation above shows that
T"(wi + wy) = T"wy + T ws.
IfveV,AeF and w € W, then

(Tv, Aw) = X(Tv, w)
= X, T*w)
= (v, AT " w).
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The equation above shows that
T"(Aw) = AT w. —

Theorem 7.3. Suppose T € L(V, W). Then

(@) (S+T) =S"+T" forallS e L(V,W);

(b) (AT)* = A T* forall A € F;

(c) (T) =T;

(d) (ST)* = T*S” forall S € L(W,U) (here U is a finite-dimensional inner product space
overIF);

(e) I* = I, where I is the identity operator on V;

(f) if T is invertible, then T* is invertible and (T*)™* = (T™')*.

Proof. We prove only (f). Note that

(v,w) ={(T-T v, w) = (v,(T)'T"w).
Thus (T71)*T* = 1. So T* is invertible, and (T*)™! = (T!)*. —
Comment. This proof is technically not correct. Cf. 3.33. We should instead take adjoints of

both sides of the equations TT™! = I and T™!T = I. Note also that if F = R, then T — T* €
LL(V, W), LW, V)).

Theorem 7.4. Suppose T € L(V, W). Then

(a) null T* = (range T)*;
(b) range T* = (null T)*;
(c) null T = (range T*)*;
(d) range T = (null T*)*.

Proof. Let w € W. Then

wenullT" < T'w=0
— (v,T"w)y=0forallveV
< (Tv,w)y=0forallveV
< we€ (range T)".

Thus null T* = (range T)*, proving (a).

If we take the orthogonal complement of both sides of (a), we get (d). Replacing T with T* in (a)
gives (c). Finally, replacing T with T* in (d) gives (b). —
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Theorem 7.5. Let T € L(V, W). Suppose ey, ..., e, is an orthonormal basis of V and fi, ..., fn,
is an orthonormal basis of W. Then

*
3

M(T*) = (M(T))

where the first = denotes adjoint (of maps) and the second denotes conjugate transpose (of
matrices).

Proof. Recall that we obtain the kth column of M(T) by writing Te; as a linear combination of
the f;’s; the scalars used in this linear combination then become the kth column of M(T). Because
fis ... fm is an orthonormal basis of W, we know how to write Te, as a linear combination of the

fi's:
Tek = <Tek;fl>f1 + e+ <T€k,fm>fm.

Thus the entry in row j, column k, of M(T) is (Tex, f;).

In the statement above, replace T with T and interchange e, ..., e, and fi, ..., f,,. This shows that
the entry in row j, column k, of M(T") is

(T fro €)) = (fi- Tej) = (Te;, fio),
which equals the complex conjugate of the entry in row k, column j, of M(T). Thus

M(T*) = (M(T))

*

Definition 7.6. An operator T € L(V) is called self-adjoint if T = T*.

Remark 7.7. A good analogy to keep in mind is that the adjoint on £(V') plays a role similar
to that of the complex conjugate on C. A complex number z is real if and only if z = Z; thus a
self-adjoint operator (T = T*) is analogous to a real number.

Theorem 7.8. Every eigenvalue of a self-adjoint operator is real.

Proof. Suppose T is a self-adjoint operator on V. Let A be an eigenvalue of T, and let v be a
nonzero vector in V such that Tv = Av. Then

Aol = (Av,v) = (Tv,v) = (v, Tv) = (v, W) = A|v|*.

Thus A = A, which means that ] is real, as desired. -
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Theorem 7.9. Suppose V is a complex inner product space and T € L(V). Then

(Tv,v) =0 foreveryveV < T=0.

Proof. If u, w € V, then

_ (T(u+w),u+w)—(T(u—w), u—w)
4
N (T(u+iw),u+iw) —(T(u—iw),u— iw)i
1 )

(Tu, w)

Now suppose (Tv,v) = 0 for every v € V. Then the equation above implies that (Tu, w) = 0 for
all u, w € V, which then implies that Tu = 0 for every u € V. Hence T = 0, as desired. —

Theorem 7.10. Suppose V is a complex inner product space and T € L(V'). Then

T is self-adjoint < (Tv,v) € R foreveryve V.

Proof. By 7.9,

T—-T"=0

((T = T")v,v) = 0 for everyv € V

(Tv,v) — (Tv,v) = 0 for everyv € V

(Tv,v) € R for everyv € V. —

T is self-adjoint

1117

Theorem 7.11. Suppose T is a self-adjoint operator on V. Then

(Tv,v) =0 foreveryv e V. < T =0.

Proof. By 7.9 we can assume that V is a real inner product space. If u, w € V, then

_ (T(u+w),u+w)—(T(u—w),u—w)

(Tu, w) 1

as can be proved by computing the right side using the equation
(Tw,u) =(w, Tu) = (Tu, w),

Hence T = 0, as desired. -
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Definition 7.12. An operator on an inner product space is called normal if it commutes
with its adjoint.

Note that every self-adjoint operator is normal.

Theorem 7.13. Suppose T € L(V). Then

T is normal < |Tv| = |T"v| for everyv € V.

Proof. By that (T*T — TT") is self-adjoint we have

T"T—-TT =0

{(T"T—TT")v,v) =0 foreveryveV
(T*Tv,v) =(TT"v,v) foreveryveV
(Tv, Tv) =(T*v, T*v) foreveryveV
|Tv|* = |T*v|* foreveryve V

|Tv| = |T"v| foreveryve V.

T is normal

[

Theorem 7.14. Suppose T € L(V) is normal. Then

(a) null T = null T%;

(b) range T = range T*;

(c) V=null T & range T;

(d) T — Al is normal for every A € F;

(e) ifv € V and A € F, then Tv = Av if and only if T*v = Av.

Proof. For (b) and (c), note that by (a) and 7.4 (d)
range T = (null T*)" = (null T)".
By (d) and 7.13, we have that
I(T—ADw| =0 = |(T*~ADw| =0,

proving (e).
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Theorem 7.15. Suppose T € L(V) is normal. Then eigenvectors of T corresponding to distinct
eigenvalues are orthogonal.

Proof. Note that T — AI is normal. The rest is trivial by 7.14. =

Theorem 7.16. Suppose F = C and T € L(V). Then T is normal if and only if there exist
commuting self-adjoint operators A and B such that

T =A+iB.
Proof. First suppose T is normal. Let
T+T* T-T
A= and B= YR (*)
i
Then A and B are self-adjoint and T = A + iB. A quick computation shows that
T"T-TT"
AB—-BA = — (%)
i

Because T is normal, the right side of the equation above equals 0. Thus the operators A and B
commute, as desired.

To prove the implication in the other direction, now suppose there exist commuting self-adjoint
operators A and B such that T = A+ iB. Then T* = A — iB. Adding the last two equations and
then dividing by 2 produces the equation for A in (*). Subtracting the last two equations and then
dividing by 2i produces the equation for B in (*). Now (*) implies (**). Because B and A commute,
(*«) implies that T is normal, as desired. —

Cf. 7A.12. Obviously A and B are unique. Also note that this decomposition exists even if T is not
normal.

Exercises

Exercise 7. Question to fill in.

to do

Exercise 8. Question to fill in.

to do
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Exercise 12. An operator B € L(V) is called skew if
B* = —B.

Suppose that T € L(V). Prove that T is normal if and only if there exist commuting operators
A and B such that A is self-adjoint, B is a skew operator, and

T=A+B.
Proof. First suppose T is normal. Let
T+T T—T
A= and B = . (*)
Then A is self-adjoint B is skew. Also
"T-TT"
AB-BA= —— —. (%)

Because T is normal, the right side of the equation above equals 0. Thus the operators A and B
commute, as desired.

To prove the implication in the other direction, now suppose there exist commuting operators A
and B such that A is self-adjoint, B is a skew operator and T = A+ B. Then T* = A — B. Adding
the last two equations and then dividing by 2 produces the equation for A in (). Subtracting the
last two equations and then dividing by 2i produces the equation for B in (*). Now () implies
(**). Because B and A commute, (**) implies that T is normal, as desired. —

Exercise 27. Suppose T € L(V) is normal. Prove that
null T =null T and range T* = range T

for every positive integer k.

Proof. We may assume k > 2. We first prove that null T% = null T. That null T C null T* is trivial.
To prove the reverse inclusion, let v € null T*. Then

(T*T* Y, T*TF ") =(TT*TF Y, TF ) = (T* Tk, TF ) =0,
where the second equality uses the normality of T. Thus

0 =(T*TF "%, TF%p) = (T* ', TF ).
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Hence T*"'v = 0, or equivalently v € null T*~!. Repeating this argument with k replaced by k — 1,
we obtain v € null T2, and so on, until we reach v € null T. Thus null TF C null T, proving

null TF = null T.

Now we show that range T* = range T. That range T* C range T is trivial. Note
dimrange T* = dim V — dimnull T* = dim V — dimnull T = dim range T.

Hence range T* = range T. This completes the proof. =

7B Spectral Theorem

Theorem 7.17. Suppose T € L(V) is self-adjoint and b, ¢ € R are such that b* < 4c. Then
T+ bT +cl

is an invertible operator.

Proof. Let v be a nonzero vector in V. Then

((T*+ bT + cDo,v) = (T?,v) + b{Tv,v) + c(v,0)
= (Tv, Tv) + b{Tv,v) + c|v|?
> | Tol® — |6l Tollo] + c[o]?

bl (b
= (1ol + (o= 5

>0,

where the third line above holds by the Cauchy-Schwarz inequality. The last inequality implies
that (T2 + bT + cl)v = 0. Thus T? + bT + cI is injective, which implies that it is invertible.

Theorem 7.18. Suppose T € L(V) is self-adjoint. Then the minimal polynomial of T equals
(z = A1) (2= An)

for some Ay,..., A, €R.
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Proof. First suppose F = C. The zeros of the minimal polynomial of T are the eigenvalues of T
(by 5.17). All eigenvalues of T are real (by 7.8). Thus 4.8 tells us that the minimal polynomial of T
has the desired form.

Now suppose F = R. By 4.10 there exist
AMyesAn € R and by, ...,byn, cp,...,cx €ER
with b} < 4¢; for each k such that the minimal polynomial of T equals
(z= A1) (2= An)(Z* + biz+cy) (2 + byz + cn), (%)
where either m or N might equal 0. Now
(T=MD) (T =2, I(T?*+ by T+ D) (T> + byT + cnI) = 0.

If N > 0, then we could multiply both sides of the equation above on the right by the inverse
of T> + by T + cyI (by 7.17) to obtain a polynomial expression of T that equals 0, violating the
minimality of the degree of the polynomial with this property. Thus we must have N = 0, as
desired. —

Theorem 7.19. Suppose F = R and T € L(V). Then the following are equivalent.

(a) T is self-adjoint.
(b) T has a diagonal matrix with respect to some orthonormal basis of V.
(c) V has an orthonormal basis consisting of eigenvectors of T.

Proof. First suppose (a) holds, so T is self-adjoint. 6.24 and 7.18 imply that T has an upper-
triangular matrix with respect to some orthonormal basis of V. With respect to this orthonormal
basis, the matrix of T* is the transpose of the matrix of T. However, T* = T. Thus the transpose
of the matrix of T equals the matrix of T. Hence the matrix of T is a diagonal matrix with respect
to the orthonormal basis. Thus (a) implies (b).

Conversely, now suppose (b) holds, so T has a diagonal matrix with respect to some orthonormal
basis of V. That diagonal matrix equals its transpose. Thus with respect to that basis, the matrix
of T* equals the matrix of T. Hence T* = T, proving that (b) implies (a).

The equivalence of (b) and (c) follows from the definitions. —

Theorem 7.20. SupposeF = C and T € L(V). Then the following are equivalent.

(a) T is normal.
(b) T has a diagonal matrix with respect to some orthonormal basis of V.
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(c) V has an orthonormal basis consisting of eigenvectors of T.

Proof. First suppose (a) holds, so T is normal. By 6.25 there is an orthonormal basis ey, ..., e, of V
with respect to which T has an upper-triangular matrix. Thus we can write

a1t Qi
M(T: (elr seey en)) = . ' . (*)
0 Ann
We see from the matrix above that
ITeil = lasal?, IT el = lassl® + layal® + - + lagal*.
Because T is normal, | Te;| = | T*e,|. Thus the two equations above imply that all entries in the

first row of the matrix in (*), except possibly the first entry a, ;, equal 0.

Now (*) implies
||T32||2 = |az,2|2

ecause a;, = 0, as we showed in the paragraph above) an
b 2=0 h d in the paragraph ab d
T &))" = |az,2|2 + |612,3|2 + ot |a2,n|2-

Because T is normal, | Te;| = | T*e,|. Thus the two equations above imply that all entries in the
second row of the matrix in (), except possibly the diagonal entry a,,, equal 0.

Continuing in this fashion, we see that all nondiagonal entries in the matrix (*) equal 0. Thus (b)
holds, completing the proof that (a) implies (b).

Now suppose (b) holds, so T has a diagonal matrix with respect to some orthonormal basis of V.
The matrix of T* (with respect to the same basis) is obtained by taking the conjugate transpose of
the matrix of T; hence T* also has a diagonal matrix. Any two diagonal matrices commute; thus
T commutes with T*, which means that T is normal. In other words, (a) holds, completing the
proof that (b) implies (a).

The equivalence of (b) and (c) follows from the definitions. —

7C Positive Operators

Definition 7.21. An operator T € L(V) is called positive if T is self-adjoint and

(Tv,v) >0
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‘ forallve V. ’

If V is a complex vector space, then the requirement that T be self-adjoint can be dropped from
the definition above (by 7.10).

‘ Definition 7.22. An operator R is called a square root of an operator T if R* = T. ’

The characterizations of the positive operators in the next result correspond to characterizations
of the nonnegative numbers among C.

Theorem 7.23. Let T € L(V). Then the following are equivalent.

(a) T is a positive operator.
(b) T is self-adjoint and all eigenvalues of T are nonnegative.

(c) With respect to some orthonormal basis of V, the matrix of T is a diagonal matrix with
only nonnegative numbers on the diagonal.

(d) T has a positive square root.
(e) T has a self-adjoint square root.
(f) T = R*R for some R € L(V).

Theorem 7.24. Every positive operator on V has a unique positive square root.

Proof. Suppose T € L(V) is positive. Suppose v € V is an eigenvector of T. Hence there exists a
real number A > 0 such that Tv = Av.

Let R be a positive square root of T. Note that the spectral theorem asserts that there is an
orthonormal basis ey, ..., e, of V consisting of eigenvectors of R. Because R is a positive operator,
all its eigenvalues are nonnegative. Thus there exist nonnegative numbers A, ..., A, such that

Re, = \//l_kek foreachk=1,...,n.
Because ey, ..., e, is a basis of V, we can write
v=ae + -+ aye,
for some numbers ay, ..., a, € F. Thus

A =Tv=R=alde + - +a,le,
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The equation above implies that
a ey + - + ayde, = a;die; + - + azde,.

Thus ai(A — A;) = 0 for each k = 1, ..., n. Hence

Thus

Rv = Z ak\/)l—kek = V.

{k: =1}

Hence the behavior of R on the eigenvectors of T is uniquely determined. By spectral theorem
there is a basis of V consisting of eigenvectors of T, done. -

For T a positive operator, v/ T denotes the unique positive square root of T.

Theorem 7.25. Suppose T is a positive operator on V and v € V is such that (Tv,v) = 0. Then
Tv = 0.

7D Isometries, Unitary Operators, and Matrix Factorization

Definition 7.26. A linear map S € L(V, W) is called an isometry if
ISvl = lvl

for everyv e V.

Hence isometry preserves norms, and is injective (it maps only 0 to 0).

Theorem 7.27. Suppose S € L(V, W). Suppose ey, ..., e, is an orthonormal basis of V and
fis s fm is an orthonormal basis of W. Then the following are equivalent.

(a) S is an isometry.

(b) S*S=1.

(c) (Su, Sv) = (u,v) forallu,veV.

(d) Se, ..., Se, is an orthonormal list in W.

(e) The columns of./\/l(S, (e1seesen), (fisens fm)) form an orthonormal list in F™ with respect
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to the Euclidean inner product.

Proof. (a) = (b) uses 7.11. We then prove only that (e) = (a).

To show that S is an isometry, suppose v € V. Then
U= <U; el>el ++ <U’ en>en (*)

and
lol? = Ko, e)]® + - + Ko, en) .

Applying S to both sides of (x) gives
Sv = (v, e;)Se; + -+ + (v, e,)Se,.

Thus
1Sol? = Ko, e + -+ + v, , en)* = [ol. —

Definition 7.28. An operator S € L(V) is called unitary if S is an invertible isometry.

The word “invertible” could be deleted, for that every isometry on a finite dimensional vector
space is invertible.

Theorem 7.29. Suppose S € L(V). Suppose ey, ..., e, is an orthonormal basis of V. Then the
following are equivalent.

(a) S is a unitary operator.

(b) S'S =SS" =1

(c) S is invertible and S~ = S*.

(d) Sey,...,Se, is an orthonormal basis of V.

(e) Therowsof M(S, (e, ..., e,)) form an orthonormal basis of F" with respect to the Euclidean
inner product.

(f) S* is a unitary operator.

Proof. We prove only (a) = (b): By 7.27 §*S = I. Multiply both sides of this equation by S~ to
get S* = S!. Hence SS* =SS! = I. -

Consider 7.7, and note that unit circle in C corresponds to the set of unitary operators.
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Theorem 7.30. Suppose A is an eigenvalue of a unitary operator. Then |A| = 1.

Theorem 7.31. Suppose F = C and S € L(V). Then the following are equivalent.

(a) S is a unitary operator.

(b) There is an orthonormal basis of V consisting of eigenvectors of S whose corresponding
eigenvalues all have absolute value 1.

This is trivial, by 7.20.

When starting with n-by-n matrices instead of operators, unless otherwise specified assume that
the associated operators live on F” (with the Euclidean inner product) and that their matrices are
computed with respect to the standard basis of F".

Definition 7.32. An n-by-n matrix is called unitary if its columns form an orthonormal list
in F".

Theorem 7.33. OR factorization Suppose A is a square matrix with linearly independent
columns. Then there exist unique matrices Q and R such that Q is unitary, R is upper triangular
with only positive numbers on its diagonal, and

A=OQR.

Proof. Let vy,...,v, denote the columns of A, thought of as elements of F". Apply the Gram-
Schmidt procedure 6.21 to the list vy, ...,v,, getting an orthonormal basis e, ..., e, of F" such
that

span(vy, ..., vx) = span(ey, ..., ) (*)
for each k = 1,..., n. Let R be the n-by-n matrix defined by
Rk = (vk. €5),
where R denotes the entry in row j, column k of R. If j > k, then e; is orthogonal to span(e;, ... , e;)

and hence e; is orthogonal to vi by (*). In other words, if j > k then (v, e;) = 0. Thus R is an
upper-triangular matrix.

Let Q be the unitary matrix whose columns are ey, ..., e,. If k € {1, ..., n}, then the kth column of QR
equals a linear combination of the columns of Q, with the coefficients for the linear combination
coming from the kth column of R. Hence the kth column of QR equals

(Uk, er)er + - + Uk, ex)ex,
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which equals vy, the kth column of A. Thus A = QR, as desired.

The equations defining the Gram-Schmidt procedure show that each vy equals a positive multiple
of e plus a linear combination of e;, ..., ¢,_;. Thus each (v, e;) is a positive number. Hence all
entries on the diagonal of R are positive numbers.

Suppose we have A = Q R, where @ is unitary and R is upper triangular with only positive
numbers on its diagonal. Let qi,..., g, denote the columns of Q. Note that each vy is a linear
combination of qi, ..., gk, with the coefficients coming from the kth column of R. This implies that

span(vy, ..., vx) = span(qi, ..., gx)

and (vk, gx) > 0. By 6B.10 gy = e, for each k = 1,..., n. Hence Q\ = (, which then implies that
R=R —

Suppose A is an n-by-n square matrix with linearly independent columns. Suppose that b € F"

and we want to solve the equation Ax = b for x = (xy, ..., x,) € F". Suppose A = QR, where Q
and R is computed as in 7.33, then Rx = Q*b, which can be quickly solved.

Theorem 7.34. A self-adjoint operator T € L(V) is a positive invertible operator if and only if
(Tv,v) > 0 for every nonzerov € V.

The proof uses 7.25.

Definition 7.35. A matrix B € F™" is called positive definite if B* = B and
(Bx,x) >0

for every nonzero x € F".

Theorem 7.36. Cholesky factorization Suppose B is a positive definite matrix. Then there
exists a unique upper-triangular matrix R with only positive numbers on its diagonal such that

B =R'R.

Proof. Because B is positive definite, there exists an invertible square matrix A of the same size as
B such that
B=A"A
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Let A = OR be the QR factorization of A, where Q is unitary and R is upper triangular with only
positive numbers on its diagonal. Then A* = R*Q". Thus

B=A*A=R'Q"QR =R'R.

To prove the uniqueness part of this result, suppose S is an upper-triangular matrix with only
positive numbers on its diagonal and B = S*S. The matrix S is invertible because B is invertible
(3D.11). Multiplying both sides of the equation B = S*S by S~ on the left gives the equation

BS'=5"
Let A be the matrix from the first paragraph of this proof. Then
(AST)*(AS™) = (S A*AS™
= (S*)"'BS™!
= (s)s
=T

Thus AS™! is unitary. Hence
A=(AST))S

is a factorization of A as the product of a unitary matrix and an upper-triangular matrix with only
positive numbers on its diagonal. The uniqueness of the QR factorization implies that S = R.

7E Singular Value Decomposition

Theorem 7.37. Suppose T € L(V, W). Then
(a) T*T is a positive operator on V;
(b) null T*T = null T;
(c) range T*T = range T~;
(d) dimrange T = dimrange T* = dimrange T*T.

Proof. We prove (c) only. By 7.4,

range T"'T = (null T*T)L = (null T)l = range T". =
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Definition 7.38. Suppose T € L(V, W). The singular values of T are the nonnegative square
roots of the eigenvalues of T T, listed in decreasing order, each included as many times as
the dimension of the corresponding eigenspace of T*T.

Theorem 7.39. Suppose that T € L(V, W). Then

(a) T is injective <= 0 is not a singular value of T;
(b) the number of positive singular values of T equals dim range T';
(c) T is surjective <= the number of positive singular values of T equals dim W.

These are trivial.

Theorem 7.40. Suppose that S € L(V, W). Then

S is an isometry <= all singular values of S equal 1.

Theorem 7.41. SVD Suppose T € L(V, W) and the positive singular values of T are sy, ..., Sp.
Then there exist orthonormal lists e, ..., e, in V and fi, ..., f, in W such that

Tv = si{v, e)) fi + - + v, €m) fin

for everyv e V.

Proof. Let s, ..., s, denote the singular values of T (thus n = dim V). Because T*T is a positive
operator, the spectral theorem implies that there exists an orthonormal basis ey, ..., e, of V with

T"Te. = siek

foreachk=1,...,n.Foreachk =1,...,m, let
Tek
.ﬁ—i;-
If j,k €{1,...,m}, then
{0 if j # k,

1 1 . S
(fi fi) = —(Tej, Ter) = —(e;, T"Te) = —(e;, &) =
SjSk SjSk Sj 1 ifj=k.

J
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Thus fi, ..., f, is an orthonormal list in W. If k € {1,...,n} and k > m, then s, = 0 and hence
T*Te, = 0, thus Te, = 0 by 7.37. Suppose v € V. Then

Tv = T((v, erye; + - + (v, e,,)en)
= <U’ 61>T€1 + ot <l)3 em>Tem
= si(v, e)) fi + -+ + sV, em) fin- —

Definition 7.42. An M-by-N matrix A is called a diagonal matrix if all entries of the matrix
are 0 except possibly Ay for k = 1,..., min{M, N}.

Remark 7.43. Suppose T € L(V, W), the positive singular values of T are s;,..., s,, and
ei,....ey and fi,..., f, are as in 7.41. The orthonormal list ey, ..., e, can be extended to an
orthonormal basis ey, ..., e4m v of V and the orthonormal list f;, ..., f,, can be extended to an
orthonormal basis fi, ..., fimw of W. Note that

skfk 1f1§k§m,
Tek=
0 ifm<k<dimV.

Thus T has a diagonal matrix

Sk 1f1§j=k£m,

0 otherwise.

M(T, (el, «ev s Edim V), (fl, ceey fdim W))j,k = {

Theorem 7.44. Suppose T € L(V, W) and the positive singular values of T are si,..., Sp.
Suppose ey, ..., e, and fi, ..., f, are orthonormal lists in V and W such that

Tv = si{v, e1) i+ + {0, en) fn (%)

for everyv € V. Then
T w = si{w, fi)e; + = + s W, fin)em

and

(), (o)

TTw=

€m

for every w e W.

77



Operators on Inner Product Spaces

Proof. Ifv € V and w € W then

<Tl), W> = <31<l), el>f1 + ot Sm<l), em>fm: W>
= 31<U, el><fl’ W> + et sm(”s em><fms W>

= (v, si{w, fr)er + - + s W, fn)em),
giving the adjoint of T. For the pseudo inverse (6.38), suppose w € W. Let

L f) (. f)

e+ -+ ———ep.
S Sm

Apply T to both sides of the equation above, getting

Tv = —<Ws’fl>Te1 - <Ws’f’"> Te,
= (W, ffi + o W fon) fon

= Frange TW,

where the second line holds because (*) implies that Te, = si fi if kK = 1,...,m, and the last line
holds because (*) implies that fi, ..., f,, spans range T and thus is an orthonormal basis of range T.
By 7E.8 (b) v € (null T)*. Thus v = TTw. -

Theorem 7.45. SVD, matrix version Suppose A is an M-by-n matrix of rank m > 1. Then
there exist an M-by-m matrix B with orthonormal columns, an m-by-m diagonal matrix D with
positive numbers on the diagonal, and an n-by-m matrix C with orthonormal columns such that

A = BDC".

Proof. Let T : F" — FM be the linear map whose matrix with respect to the standard bases equals
A. Then dimrange T = m. Let

Tv = 31<U: el>f1 + ot Sm<l), em>fm (*)
be an SVD of T. Let

B = the M-by-m matrix whose columns are f;, ..., fn,
C = the m-by-m diagonal matrix whose diagonal entries are sy, ..., S,

D = the n-by-m matrix whose columns are ey, ..., €,,.
Let uy, ..., u,, denote the standard basis of F". If k € {1, ..., m} then

(AC — BD)uy = Aex — B(sxuy) = sgfr — sifi = 0.
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Thus AC = BD. Multiply both sides of this last equation by C* (the conjugate transpose of C) on
the right to get

ACC* = BDC".
If k € {1,...,m}, then C*e; = uy; hence CC*e; = e;. Thus ACC*v = Av for all v € span(ey, ..., €,).
If v € span(ey, ..., e,)", then Av = 0 (as follows from (x)) and C*v = 0. Hence ACC*v = Av for all
v € span(ey, ..., e,)". We conclude that ACC* = A, as desired. —

Comment. The matrix A has Mn entries. In comparison, the matrices B, D, and C above have a
total of
m(M + m+ n)

entries, probably considerably less then Mn. Also, by 7.44 we can easily have
AT =CcD7'B".

Exercises

Exercise 8. Suppose T € L(V,W). Suppose s; > s, > - > s, > 0 and ey, ..., e, is an

orthonormal list in V and fi, ..., f;, is an orthonormal list in W such that

Tv = si(v, e) fr + - + SV, €m) fim

for everyv € V.

(a) Prove that f;,..., f,, is an orthonormal basis of range T.
(b) Prove that ey, ..., e, is an orthonormal basis of (null T)*.
(c) Prove that sy, ..., s, are the positive singular values of T.

(d) Prove that if k € {1,...,m}, then e is an eigenvector of T*T with corresponding
eigenvalue s.

(e) Prove that
TT w = siw, fi) fi + - + (W, fu) fo
forall we W.

(a) and (b) are trivial. (c), (d), and (e) are by T*w in 7.44.

Exercise 9. Suppose T € L(V, W). Show that T and T* have the same positive singular
values.

7E.8 (c) we have that positive singular values of T are uniquely determined given an SVD of T. By
7.44 we have that T* and T share positive singular values.
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Exercise 10. Suppose T € L(V, W) has singular values sy, ..., s,. Prove that if T is an
invertible linear map, then T™! has singular values

If T is invertible, we have that T~! = TT, by 7E.8 and 7.44 we are done.

7F Consequences of SVD

Theorem 7.46. Suppose T € L(V, W). Let s, be the largest singular value of T. Then
|Tol < sivl

forallve V.

Proof. By 7.41,
m m
ITol =) siv, e)* < 57 ) (v, &)* < ol
i=1 i=1

Definition 7.47. Suppose T € L(V, W). Then the norm of T, denoted by | T|, is defined by

IT| = max{|Tv| : v € V and |v| < 1}.

Theorem 7.48. Suppose T € L(V, W). Then

(@) IT] > o;

) ITI=0 = T=0;

(c) |AT| = |A[|T] for all A € F;

(@) |S+ T|<|S|+|T| forall S € L(V, W).

Theorem 7.49. Suppose T € L(V, W). Then

(a) |T| = the largest singular value of T;
() |T]| = max{[Tv| : v € V and o] = 1};
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(c) | T| = the smallest number c such that | Tv| < c|v| forallv € V.

Theorem 7.50. Suppose T € L(V,W). Then|T| = |T|.

This is immediate by 7E.9.

Recall 7.7 and note that every z € C can be written in the form
z

z = zZZz.

I

The following theorem is very similar.

Theorem 7.51. Polar Decomposition Suppose T € L(V). Then there exists a unitary
operator S € L(V) such that

T =S~NT*T.
Proof. Let sy,..., s, be the positive singular values of T, and let ey, ..., e, and fi, ..., f,, be orthonor-

mal lists in V such that
Tv = si(v,e))fi + -+ splv, em) fru (0 E V).

Extend ey, ..., e, and fi, ..., f;, to orthonormal bases ey, ..., e, and fi, ..., f, of V. Define S € L(V)

by
Sv=(v,e)fi+-+efn WeV).

Then
ISol? = v, e) fi + -+ + (v, en) ful? = Ko, e)fF + -+ + Ko, en)* = ol

hence S is unitary. Applying T to both sides of the first display and using 7.44 for T* gives
T*Tv = sXv, e;)e; + -~ + s2(v, en)en (v € V).
Thus the positive operator R defined by
Rv = s1(v, er)e; + -+ + (v, ) em
satisfies R = T*T, hence R = JT*T. Now
SNT*Tv = S(Rv)
= S(s1(v, ex)er + - + (v, em>em)

= si(v, en) fi + - + SV, €m) fn
= T,

where the last equality is the first display. Therefore T = SV T*T. -
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CHAPTER 8

Operators on Complex Vector Spaces

8A Generalized Eigenvectors and Nilpotent Operators

Theorem 8.1. Suppose T € L(V). Then

{0} =null T° Cnull T' C -+ Cnull T% C null TF! C ...

Theorem 8.2. Suppose T € L(V) and m is a nonnegative integer such that
null 7" = null T"*".

Then
null 7™ = null 7™ = null 72 = null T™*° = ...

Theorem 8.3. Suppose T € L(V). Then

null T4V = null T VH = pull 7V = L

Proof. We only need to prove that null 79V = null T4™V*! by 8.2. Suppose this is not true. Then,
by 8.1 and 8.2, we have

{0} =null T° C null T* € - C null TV C null T4™V+,

At each of the strict inclusions in the chain above, the dimension increases by at least 1. Thus

dimnull T4+ > dim V + 1, a contradiction because a subspace of V cannot have a larger
dimension than dim V. =

Theorem 8.4. Suppose T € L(V). Then

V = null T%"" @ range T4™".
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The proof is by 3.15 and 1.18.

Some operators do not have enough eigenvectors to lead to good descriptions of their behavior.

Definition 8.5. Suppose T € L£(V) and A is an eigenvalue of T. A vector v € V is called a
generalized eigenvector of T corresponding to A if v # 0 and

(T-ADfv =0

for some positive integer k.

Theorem 8.6. SupposeF = C and T € L(V). Then there is a basis of V consisting of generalized
eigenvectors of T.

Proof. Let n = dim V. Use induction on n. To start, note that the desired result holds if n = 1,
because then every nonzero vector in V is an eigenvector of T.

Now suppose n > 1 and the desired result holds for all smaller values of dim V. Let A be an
eigenvalue of T. Applying 8.4 to T — AI shows that

V = null((T — AI)") & range((T — AI)").

If null((T — AI)") = V, then every nonzero vector in V is a generalized eigenvector of T, so in
this case there is a basis of V consisting of generalized eigenvectors of T. Hence we can assume
that null((T — AI)") # V, which implies that range((T — AI)") = {0}. Also, null((T — AI)") # {0}
because A is an eigenvalue of T. Thus we have

0 < dimrange((T — AI)") < n.

Furthermore, range((T — AI)") is invariant under T (by 5.12). Let S € L(range((T — AI)")) be T
restricted to range((T — AI)"). Our induction hypothesis applied to S implies that there is a basis
of range((T — AI)") consisting of generalized eigenvectors of S, which are of course generalized
eigenvectors of T. Adjoining that basis of range((T — AI)") to a basis of null((T — AI)") gives a
basis of V consisting of generalized eigenvectors of T. =

Theorem 8.7. Suppose T € L(V). Then each generalized eigenvector of T corresponds to only
one eigenvalue of T.
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Proof. Suppose v € V is a generalized eigenvector of T corresponding to eigenvalues @ and A of
T. Let m be the smallest positive integer such that (T — aI)™v = 0. Let n = dim V. Then

0=(T-AD"
={(T-al)+(a—)D"

= Y b(a = V)"H(T = aD)v,
k=0

where by = 1 and the values of the other binomial coefficients by do not matter. Apply the operator
(T — aI)™ ! to both sides of the equation above, obtaining

0=(a— )T —al)™ .

Because (T — al)"'v # 0, the equation above implies that & = A, as desired. —

Theorem 8.8. Suppose that T € L(V). Then every list of generalized eigenvectors of T
corresponding to distinct eigenvalues of T is linearly independent. Cf. 5.7.

Proof. Suppose the desired result is false. Then there exists a smallest positive integer m such
that there is a linearly dependent list v, ..., v, of generalized eigenvectors of T corresponding to
distinct eigenvalues A4, ..., A,, of T (note that m > 2 because a generalized eigenvector is nonzero
by definition). Thus there exist ay, ..., a,, € F, none of which are 0 (by minimality of m), such that

au; + -+ auv, = 0.
Let n = dim V. Apply (T — A,,I)" to both sides to obtain
al(T — Aml)nvl + -+ am_l(T — AmI)nUm_l =0.

Suppose k € {1,...,m — 1}. Then
(T — Aml)nl}k * 0,

because otherwise vy would be a generalized eigenvector corresponding to both A, and 4,,, con-
tradicting 8.7. However,

(T = 4D)"((T = AnD)"0i) = (T = A D)"((T — A)"0) = 0.

Hence (T — A,,I)"vy is a generalized eigenvector of T corresponding to the eigenvalue A;. Thus
(T — AnD™1, .., (T = D) "0y is a linearly dependent list of m — 1 generalized eigenvectors
corresponding to distinct eigenvalues, contradicting the minimality of m, as desired. —
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Definition 8.9. An operator is called nilpotent if some power of it equals 0.

Theorem 8.10. Suppose T € L(V) is nilpotent. Then T4™V = 0.

Theorem 8.11. Suppose T € L(V).

(a) If T is nilpotent, then 0 is an eigenvalue of T and T has no other eigenvalues.
(b) IfF = C and 0 is the only eigenvalue of T, then T is nilpotent.

(b) is trivial by 5.17.

Theorem 8.12. Suppose T € L(V). Then the following are equivalent:
(a) T is nilpotent.
(b) The minimal polynomial of T is z™ for some positive integer m.

(c) There exists a basis of V with respect to which the matrix of T has the strictly upper-
triangular form
0 *

This is trivial, by 5.19, 5.17, 5.27, 5.26, and 5.25.

Exercise

Exercise 2. Suppose T € L(V), m is a positive integer, v € V, and T™ 'v # 0 but T™v = 0.
Prove that v, Tv, T?v, ..., T™ v is linearly independent.

Proof. Suppose Y,y ¢;T'u = 0. Applying T"" yields ¢,T"'u = 0, so ¢, = 0 since T"'u # 0.
Then applying T" % to 3"} ¢;T/u = 0 gives ¢; T"'u = 0, hence ¢; = 0. Repeating this argument
inductively, we obtain ¢; = 0 for all j. —
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8B Generalized Eigenspace Decomposition

Definition 8.13. Suppose T € L(V) and A € F. The generalized eigenspace of T correspond-
ing to A, denoted by G(A, T), is defined by

G\, T)={v eV : (T — AI)*v = 0 for some positive integer k}.

Thus G(A, T) is the set of generalized eigenvectors of T corresponding to A, together with
the zero vector.

Theorem 8.14. Suppose T € L(V) and A € F. Then G(A, T) = null((T - /U)dimv).

Theorem 8.15. Suppose F = C and T € L(V). Let A, ..., A, be the distinct eigenvalues of T.
Then

(a) G(Ax, T) is invariant under T for eachk = 1,...,m;
(b) (T — AD) [,y is nilpotent for each k = 1,...,m;
(c) V=GA,T)® &Gy, T).

Proof. (a) is by 5.12. (b) is by 8.14. (c) is by 8.8, 1.17, and 8.6. —

Definition 8.16. Suppose T € L(V). The multiplicity of an eigenvalue A of T is defined to
be the dimension of the corresponding generalized eigenspace G(A, T).

Theorem 8.17. Suppose F = C and T € L(V). Then the sum of the multiplicities of all
eigenvalues of T equals dim V.

Multiplicity is sometimes called algebraic multiplicity. And dim E(A, T) is sometimes called geo-
metric multiplicity.

If V is an inner product space, T € L£(V) is normal, and A is an eigenvalue of T, then the algebraic
multiplicity of A equals the geometric multiplicity of A, by 7A.27.

Definition 8.18. Suppose F = Cand T € L(V). Let A, ..., A,, denote the distinct eigenvalues
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of T, with multiplicities d;, ..., d,,. The polynomial
(2= A)* - (2 = A)o

is called the characteristic polynomial of T.

Theorem 8.19. Suppose F = C and T € L(V). Then

(a) the characteristic polynomial of T has degree dim V;
(b) the zeros of the characteristic polynomial of T are the eigenvalues of T.

Theorem 8.20. Cayley-Hamilton SupposeF = C, T € L(V), and q is the characteristic
polynomial of T. Then q(T) = 0.

Proof. Let A, ..., A, be the distinct eigenvalues of T, and let dy = dim G(A, T). For each k €
{1,...,m}, (T — Akl)‘c(ak,r) is nilpotent. Thus,

(T = A 0  foreachke{1,...,m}

k}G(/lk,T) -
By 8.15 every vector in V is a sum of vectors in

G(A1, T), G(A2, T), ..., G(Ap, T).
Hence, to prove q(T) = 0, it suffices to show

q(D|gy,r =0  foreachk.

Fix k € {1, ..., m}. We have
q(T) = (T = L)% (T = Au).

The operators on the right-hand side commute with one another, so we may move the factor
(T — A4I)% to the last position. Since

(T - )'kI)dk|G(;Lk)T) =0,

it follows immediately that
q(T)|G()Lk,T) =0,

as desired. —
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Corollary 8.21. Suppose F = C and T € L(V). Then the characteristic polynomial of T is a
polynomial multiple of the minimal polynomial of T.

This is by 5.19.

Theorem 8.22. Suppose F = C and T € L(V). Suppose vy, ..., v, is a basis of V such that
M(T, (v, ..., v,)) is upper triangular. Then the number of times that each eigenvalue A of T
appears on the diagonal of M(T, (v, ... ,v,)) equals the multiplicity of A as an eigenvalue of T.

Proof. Let A = M(T, (vy,...,v,)) be an upper—triangular matrix. Let A4, ..., A, denote the entries
on the diagonal of A. Then for each k € {1, ..., n} we have

Toe = up + Agvg

for some u; € span(vy,...,vx_;). Hence, if k € {1,...,n} and Ay # 0, then Tuv; is not a linear
combination of Tvy, ..., Tvy_; and the list of those Tvy such that A; # 0 is linearly independent.

Let d denote the number of indices k € {1, ..., n} such that A, = 0. Then
dimrange T > n—d.
Because n = dim V = dimnull T + dim range T, the inequality above gives

dimnull T < d. (%)

By 5C.2 the matrix of the operator T" with respect to the basis vy, ..., v, is the upper—triangular
matrix A", whose diagonal entries are A7, ..., A}. Because A} = 0 iff A, = 0, the number of times 0
appears on the diagonal of A" equals d. Thus, applying (*) with T replaced by T", we obtain

dimnull T" < d. (%%)

Now, for an eigenvalue A of T, let m; denote the multiplicity of A as an eigenvalue of T, and let d,
denote the number of times A appears on the diagonal of A. Replacing T by T — AI in (**) we have

my, < dy

for each eigenvalue A of T.

The sum of the multiplicities m, over all eigenvalues A of T equals n = dim V. The sum of the
d, over all eigenvalues A of T also equals n, since the diagonal of A has length n. Hence above
must in fact be an equality for each A. Hence, the multiplicity of A as an eigenvalue of T equals
the number of times A appears on the diagonal of A, as desired. —
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Definition 8.23. A block diagonal matrix is a square matrix of the form

Ay 0

0 Am

where A, ..., A, are square matrices lying along the diagonal, and all other entries of the
matrix are 0.

Theorem 8.24. Suppose F = C and T € L(V). Let Ay, ..., Ay, be the distinct eigenvalues of T,
with multiplicities d,, ..., d,,. Then there exists a basis of V_ with respect to which T has a block
diagonal matrix of the form
A 0
0 An
where each Ay is a di x d, upper—triangular matrix of the form

/1]< *
Ak = .
0 Ak

Proof. Each (T — Al )} G 18 nilpotent. For each k, choose a basis of G(A, T), which is a vector
space of dimension dy, such that the matrix of (T — A, )| CT) with respect to this basis is as in
8.12(c). Thus, with respect to this basis, the matrix of T} COLTY which equals

(T = 2Dl ) + Ao 1y
looks like the desired form shown above for Ag.

By 8.15 putting together the bases of the G(Ax, T)’s chosen above gives a basis of V. The matrix
of T with respect to this basis has the desired form. =

8C Consequences of Generalized Eigenspace Decomposition

Theorem 8.25. Suppose T € L(V) is nilpotent. Then I + T has a square root.
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Proof. Consider as motivation the Taylor series for the function v1 + x:
N1+ x = 1+a1x+a2x2+~~.

Because T is nilpotent, 7" = 0 for some positive integer m. Thus we guess that there is a square
root of I + T of the form
I+a,T+aT?+ - +au,, T

Having made this guess, we can try to choose ay, a, ..., a,-; such that the operator above has its
square equal to I + T. Now,

(I+a, T+ a,T? + a3 T + - + a, T")?
=I1+2a, T+ (2a, + a)T?* + (2as + 2a,a,)T° + -~

+ (2apy_1 + terms involving ay, ..., an_)T™ .

We want the right side of the equation above to equal I + T. Hence, choose a; such that 24, =1
(thus a;, = %) Next, choose a, such that 2a; + a® = 0 (thus a, = —%) Then choose a; such that the
coefficient of T® on the right side equals 0 and so on so that the coefficient of T* (for k > 2) on
the right side equals 0.

Actually, we do not care about the explicit formula for the a;’s. We only need to know that some
choice of the a;’s gives a square root of I + T. =

. . _ .. 0 , + 0
Note that every z € C has a square root in C. Write z = r(cos 6 + i sin §) then \/r(cos - +isin 7)
is a square root of z.

Theorem 8.26. Suppose V is a complex vector space and T € L(V) is invertible. Then T has a
square root.

Proof. Let Ay, ..., A, be the distinct eigenvalues of T. For each k, there exists a nilpotent operator
T € L(G(Ag, T)) such that

T‘G(/lk,T) = /1](1 + Ti.

Because T is invertible, none of the A;’s equals 0, so we can write

Ty
T|G(/1k,T) = /1]< (I + A_k>

for each k. Because Ty/A; is nilpotent, I + T; /A, has a square root. Multiplying a square root of
the complex number A by a square root of I + T; /A, we obtain a square root Ry of T‘ COLT)" The
construction of the square root of R is then trivial. —
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Definition 8.27. Suppose T € L(V). A basis of V is called a Jordan basis for T if, with
respect to this basis, T has a block diagonal matrix

A 0
0 A,

in which each Ay is an upper—-triangular matrix of the form

A 1 0
A = )
0 M

Theorem 8.28. Suppose T € L(V) is nilpotent. Then there is a basis of V that is a Jordan
basis for T.

Proof. We prove this result by induction on dim V. To get started, note that the desired result
holds if dim V' = 1 (because in that case, the only nilpotent operator is the 0 operator). Now
assume that dim V' > 1 and that the desired result holds on all vector spaces of smaller dimension.

Let m be the smallest positive integer such that T™ = 0. Thus there exists u € V such that
T™'u # 0. Let
U = span(u, Tu,..., " 'u).

By 8A.2 the list u, Tu, ..., T™ 'u is linearly independent. If U = V, then writing this list in reverse
order gives a Jordan basis for T and we are done. Thus we can assume that U = V.

Note that U is invariant under T. By IH there is a basis of U that is a Jordan basis for T|y. Let
@ € V' be such that o(T™ 'u) = 0. Let

W={peV: go(Tkv) =0foreachk =0,...,m— 1}.
Then W is a subspace of V that is invariant under T.

We then show that U + W is a direct sum. Suppose v € U n W with v # 0. Because v € U, there
exist ¢y, ..., ¢y—1 € F such that

v=cut+c;Tu+ -+ cp T" u

Let j be the smallest index such that ¢; # 0. Apply T™ /7! to both sides of the equation above,
getting
"7 =¢;T" 'u.
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Now apply ¢ to both sides of the equation above, getting
(T 77 '0) = ¢;p(T™ 'u) # 0.

The equation above shows that v ¢ W. Hence we have proved that U n W = {0}, which implies
that U + W is a direct sum.

To show that U ® W = V,define S : V — F" by
$v = (p(v), @(To), .., p(T"'0)).
Thus null S = W. Hence
dim W = dimnull § = dim V — dimrange S > dim V — m.
Using the inequality above, we have
dm(Ue® W) =dimU +dimW >m+ (dimV —m) =dim V.

Thus U @ W = V. Again by our induction hypothesis, there will be a basis of W that is a Jordan
basis for T|y . Putting together the Jordan bases for T|y and T|y,, we will have a Jordan basis for
T. —

Theorem 8.29. Suppose F = C and T € L(V). Then there is a basis of V that is a Jordan basis
forT.

Proof. Let Ay, ..., A, be the distinct eigenvalues of T. The generalized eigenspace decomposition
states that

V=G, T)® - ® Gy, T),
where each (T — Al )‘ GGnT) 18 nilpotent. Thus 8.28 implies that some basis of each G(A, T) is a

Jordan basis for (T — Al )| oGy Put these bases together to get a basis of V that is a Jordan basis
for T. =

8D Trace: A Connection Between Matrices and Operators

Definition 8.30. Suppose A is a square matrix with entries in F. The trace of A, denoted by
tr A, is defined to be the sum of the diagonal entries of A.
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Theorem 8.31. Suppose A is an m-by-n matrix and B is an n-by-m matrix. Then tr(AB) =
tr(BA).

This is by computation.

Theorem 8.32. Suppose T € L(V). Suppose uy, ..., u, and vy, ...,v, are bases of V. Then

tr M(T, (uy, ..., u,)) = tr M(T, (vy, ..., 0,)).

Proof. Let A = M(T,(uy,...,u,)) and B = M(T,(vy,...,0,)). There exists an invertible n x n
matrix C such that A = C7'BC (see 3.84). Thus

trA=tr ((C"'B)C) =tr (C(C"'B)) = tr ((CC™")B) = tr B. —

Definition 8.33. Suppose T € L(V). The trace of T, denoted tr T, is defined by
tr T = tr M(T, (vy,...,0,)),

where vy, ..., v, is any basis of V.

Theorem 8.34. Suppose F = C and T € L(V). Then tr T equals the sum of the eigenvalues of
T, with each eigenvalue included as many times as its multiplicity.

Proof. This is by 8.22. —

Theorem 8.35. SupposeF = C and T € L(V). Let n = dim V. Then tr T equals the negative
of the coefficient of z"! in the characteristic polynomial of T.

Theorem 8.36. Suppose V is an inner product space, T € L(V), and ey, ..., e, is an orthonormal
basis of V. Then

tr T =(Tey, e) + - +(Tey, e,).

Theorem 8.37. The functiontr : L£L(V) — F is a linear functional on L(V) such that

tr(ST) = tr(TS)
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forall S, T € L(V).

Theorem 8.38. There do not exist operators S, T € L(V) such that ST — TS = 1.

Proof. Suppose S, T € L(V). Then
tr(ST = TS) = tr(ST) — tr(TS) = 0.

The trace of I equals dim V, which is not 0. Because ST — TS and I have different traces, they
cannot be equal. =
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CHAPTER 9

Multilinear Algebra and Determinants

9A Bilinear Forms and Quadratic Forms

Theorem 9.1. A bilinear form on V is a function f : V xV — F such that
v p,u) and v P(u,v)

are both linear functionals on 'V for everyu € V.

The set of bilinear forms on V is denoted by V.

Theorem 9.2. Suppose f is a bilinear form on V and ey, ..., e, is a basis of V. The matrix of f8
with respect to this basis is the n-by-n matrix M(f) whose entry M(f);x in row j, column k is
given by

M(B);k = Plej ex).

If the basis is not clear, then the notation M(f, (ey, ..., €,)) is used.

Theorem 9.3. Suppose ey, ..., e, is a basis of V. Then the map p — M(p) is an isomorphism
of V@ onto F™". Furthermore, dim V® = (dim V)2,

Proof Sketch. Note that f — M(f) and A — S, are inverses of each other.

Theorem 9.4. Suppose f is a bilinear form on V and T € L(V). Define bilinear forms a and p
onV by
a(u,v) = f(u, Tv) and p(u,v) = f(Tu,v).

Let ey, ..., e, be a basis of V. Then

M(a) = M(BHM(T) and  M(p) = M(T)" M(p).
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Proof. We compute. If j, k € {1,..., n}, then

M(a)j i = ale;, ex)
= PB(ej, Ter)

ﬂ(ej’ Z M(T)m,kem>

m=1

> Bles, em) M(T)mi

= (MPBM(T));x-
Thus M(a) = M(B)M(T). The proof that M(p) = M(T)" M(p) is similar.

Theorem 9.5. Suppose B € V. Suppose ey, ..., e, and fi, ..., f, are bases of V. Let

A=M(B(e,...,e,)) and B=M(B,(fi,.., fn))
and
C =M, (e, ..., en), (fis-s fr))-

Then
A= C'BC.

Proof. Let T denote the operator corresponding to C. Define bilinear forms «, p on V by
a(u,v) = f(u, Tv) and p(u,v) = a(Tu,v) = f(Tu, Tv).

Then
Plej, ex) = p(Tf, Tfi) = p(f;, fi) forall j,ke{l,.., n}
Thus
A=M(p,(f1,.... f)) = C"M(a,(fi, ..., fn)) = C'BC.

Cf. 3.46. Both are change-of-basis formulas.

Definition 9.6. A bilinear form p € V® is called symmetric if

p(u, w) = p(w, u)

for all u, w € V. The set of symmetric bilinear forms on V is denoted by Vgr)n
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Theorem 9.7. Suppose p € V. Then the following are equivalent.

(a) p is a symmetric bilinear form on V.

(b) M(p,(ey,...,e,)) is a symmetric matrix for every basis ey, ..., e, of V.
(c) M(p,(ey,..., e,)) is a symmetric matrix for some basis ey, ..., e, of V.
(d) M(p, (e, ..., e,)) is a diagonal matrix for some basis ey, ..., e, of V.

Definition 9.8. A bilinear form a € V? is called alternating if
a(,v) =0

for all v € V. The set of alternating bilinear forms on V is denoted by V2.

Definition 9.9. For f a bilinear form on V, define a function g3 : V — F by

qp(v) = pv,v).

A function q : V — Fis called a quadratic form on V if there exists a bilinear form  on V
such that g = gg.

9B Alternating Multilinear Forms

Definition 9.10. For m a positive integer, an m-linear form on V is a function
p:V">F

that is linear in each slot when the other slots are held fixed. The set of m-linear forms on V
is denoted by V™. A function f is called a multilinear form on V if it is an m-linear form on
V for some positive integer m.

Definition 9.11. Suppose m is a positive integer. An m-linear form « on V is called alter-
nating if
a(vy,...,v,) =0

whenever v;, ..., vy, is a list of vectors in V with v; = v for some two distinct values of j and
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k in{1,...,m}. The set of alternating m-linear forms on V is denoted by Va(lT)'

Theorem 9.12. Suppose m is a positive integer and « is an alternating m-linear form on V. If
U1, ..., Uy is a linearly dependent list in V, then

a(vy, ..., v,) = 0.

Theorem 9.13. Form > dim V, 0 is the only alternating m-linear form on V.

Theorem 9.14. Suppose m is a positive integer, a is an alternating m-linear form on V, and
U1, ..., Uy is a list of vectors in V. Then swapping the vectors in any two slots of a(vy, ..., Up)
changes the value of a by a factor of —1.

Proof. We prove for the case m = 2.

a(vy1,0;) + a(v;,01)
V1 + 0y V1 — Uy V1 +0y V1 — Uy

= —+ s —
( 2 2 2 2 )
U1 + Uy U1 — Uy U1 +0y V1 — Uy

a — , +
S 2 2 )

Definition 9.15. Suppose m is a positive integer. A permutationof (1,...,m)isalist (ji, ..., jn)
that contains each of the numbers 1, ..., m exactly once. The set of all permutations of (1, ..., m)
is denoted by perm m.

Definition 9.16. The sign of a permutation (ji, ..., j,) is defined by

Sign(jl: cees ]m) = (_l)N,

where N is the number of pairs of integers (k, £) with 1 < k < £ < m such that k appears
after ¢in the list (ji, ..., jm).
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Theorem 9.17. Swapping two entries in a permutation multiplies the sign of the permutation
by —1.

Theorem 9.18. Suppose m is a positive integer and a € Va(l't"). Then
a(vy,, ..., v;,) = sign(ji, ..., jim) @(V1, ..., V)

for every list vy, ..., v, of vectors in V and all (ji, ..., j,) € permm.

Theorem 9.19. Let n = dim V. Suppose ey, ..., e, is a basis of V and vy, ...,v, € V. For each
ke{1,..,n}, let byy,..., byx € F be such that

n
U = Z bj’kej.
J=1

Then
ay, oo, 00) = alerose)) Y. (SIEGs ey j))bjt  bjms

(is-+-2Jn)€pPErm n

for every alternating n-linear form o on V.

Proof. Suppose « is an alternating n-linear form « on V. Then

n n
a(vy,...,v,) = 06(2 b s D, bjn,nejn>
=1 Jn=1
n n
= Z Z bj1,1 bjn,n a(ejl, ceey ejn)
=1 Jn=1

Z bjl,l'"bjn,n a(ejl,...,ej")

(Ji--Jn)€perm,

= a(ela"'aen) Z (Sign(jl"":jn)) bj1,1 bjn,n:

(jt.---Jn)€perm,

where the third line holds because a(e;,, ..., e;,) = 0if j, ..., j, are not distinct integers.

Theorem 9.20. The vector space Va(l‘iim Y) has dimension one.
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Proof. Let n = dim V. Suppose « and o’ are alternating n-linear forms on V with a # 0. Let
e, ..., e, be such that a(e, ..., e,) # 0. There exists ¢ € IF such that

o' (ey,...,e,) = caley, ..., e,).

9.12 implies that ey, ..., e, is linearly independent and thus a basis of V.

Suppose vy, ...,v, € V. Let b; be as in 9.19 for j, k = 1,..., n. Then

o' (vy,...,v,) = &' (ey, ..., €,) Z (sign(irs ey Ju))bjs = bjon

(Jitse+wsJjn)Epermn

Ca(el,...,en) Z (Sign(jla"':jn))bjl,l bjn,n

(is--2Jn)EPErm n

=ca(vy,...,vn),

The equation above implies that dim Va(lrt’) <L

To complete the proof, we eliminate the possibility that dim Va({t’) = 0. Let ey, ..., e, be any basis of

V, and let ¢y, ..., ¢, € V' be the linear functionals on V that
v= Z ¢;)e;
j=1
for every v € V. Now for vy, ..., v, € V, define
a(vla"',vn) = Z (Sign(jla'"’jn))(le(vl)“' (pjn(vn)' (*)
(jt-rjn)€permn
The verification that « is an n-linear form on V is straightforward.

Suppose vy, ..., v, € V with v; = v,. For each (ji, ..., j,) € perm n, the permutation (j,, ji, js, ..., jn)
has the opposite sign. Because v; = v,, the contributions from these two permutations to the sum
in (*) cancel each other. Hence a(v;,v;,0s, ...,0,) = 0. Similarly, a(vy, ...,v,) = 0 if any two vectors
in the list vy, ..., v, are equal. Thus « is alternating.

Finally, consider (*) with each vy = ey. Because ¢;(ex) equals 0 if j # k and equals 1 if j = k, only

the permutation (1, ..., n) makes a nonzero contribution to the right side of () in this case, giving
the equation a(ey, ..., ;) = 1. Thus we have produced a nonzero alternating n-linear form « on
V, as desired. —

Theorem 9.21. Let n = dim V. Suppose « is a nonzero alternating n-linear form on V and
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e, ..., ey is a list of vectors in V. Then
aley,...,e,) =0

if and only if'ey, ..., e, is linearly independent.

Proof. First suppose a(ey, ..., e,) # 0. Then 9.12 implies that ey, ..., e, is linearly independent.

Now suppose ey, ..., e, is linearly independent. Because n = dim V, this implies that ey, ..., e, is a
basis of V.

Because « is not the zero n-linear form, there exist vy, ...,v, € V such that a(vy,...,v,) # 0. Now
9.19 implies that a(ey, ..., e,) # 0. —

9C Determinants

Definition 9.22. Suppose that m is a positive integer and T € £(V). For a € V7, define
(m)
ar €V by

alt
ar(vi,...,0m) = a(Tuy, ..., Tvy,)

for each list vy, ..., v,, of vectors in V.

Note that the function a — ar is a linear map of Va(l't" ) to itself.

Definition 9.23. Suppose T € L(V). The determinant of T, denoted by det T, is defined to
be the unique number in F such that

ar = (detT) a

for all o € V3mY),

Definition 9.24. Suppose that n is a positive integer and A is an n-by-n square matrix with
entries in F. Let T € L(F") be the operator whose matrix with respect to the standard basis
of F" equals A. The determinant of A, denoted by det A, is defined by det A = det T.
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Theorem 9.25. Suppose that n is a positive integer. The map that takes a list vy, ..., v, of vectors
in F" to det(v, -+ v,) is an alternating n-linear form on F".

Proof. Let ey, ..., e, be the standard basis of " and suppose vy, ..., v, is a list of vectors in F". Let
T € L(FF") be the operator such that Te, = v; for k = 1,..., n. Thus T is the operator whose matrix
with respect to ey, ..., e, is (v; -+ v, ). Hence det(v; --- v,) = det T by definition of the determinant
of a matrix.

Let a be an alternating n-linear form on F" such that a(ey, ..., e,) = 1. Then
det(v; =+ v,) =detT
=(detT) aley, ..., e,)
=a(Tey,..., Te,)

= a(vy,...,v,),

as desired. 4

Theorem 9.26. Suppose that n is a positive integer and A is an n-by-n square matrix. Then

det A = Z (sign(jl, ...,jn)) Ajy A

(J1se-sjn)EPETM N

This is trivial by 9.19 and 9.25.

Theorem 9.27. Suppose that A is an upper-triangular matrix with Ay, ..., A, on the diagonal.
Then
detA=A; - A,

Proof. If (jis ..., ju) € perm n with (ji, ..., j,) # (1,..., n), then j; > k for some k € {1, ..., n}, which
implies that A; ; = 0. Because Ay = Ay for each k = 1,..., n, this implies that

detA: /11"'/1,,. —

Theorem 9.28. Suppose S, T € L(V). Then det(ST) = (det S)(det T). Similarly for A and B
square matrices of the same size.
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Theorem 9.29. An operator T € L(V) is invertible if and only if det T # 0. Furthermore, if T
is invertible, then

det( Tﬁl) = m

Proof. First suppose T is invertible. Thus TT™! = I, and
1=detl =det(TT™") = (det T)(det(T™)).

Hence det T # 0 and det(T ™) is the multiplicative inverse of det T.

To prove the other direction, now suppose det T # 0. Supposev € V and v # 0. Let v, e,, ..., €, be
abasisof Vandlet a € V‘,flrtl) be such that & # 0. Then a(v, e, ..., €,) # 0 (by 9.21). Now

a(Tv, Te,, ..., Te,) = (det T) a(v, e,, ..., e,) = 0.

Thus Tv = 0. Hence T is invertible. —

Theorem 9.30. Suppose T € L(V) and A € F. Then A is an eigenvalue of T if and only if

det(AI—T) =0.

Theorem 9.31. Suppose T € L(V) and S : W — V is an invertible linear map. Then

det(S'TS) = det T.

Proof. Let n = dim W = dim V. Suppose 7 € W". Define € V" by
a(vy,...,vn) = (S 7'y, ..., S7'0,)
forvy,...,v, € V. Suppose wy, ..., w, € W. Then

Tsirs(Wiy ., wp) = (S TSwy, ..., S TSw,)
= a(TSwy,..., TSw,)
= (det T)a(Swy, ..., Sw,)
= (det T)r(wy, ..., wy).

The equation above and the definition of the determinant of the operator S™'TS imply that
det(S7'TS) = det T. —
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Theorem 9.32. SupposeF = C and T € L(V). Thendet T equals the product of the eigenvalues
of T, with each eigenvalue included as many times as its multiplicity.

This is by 8.24.

Theorem 9.33. Determinant of transpose, dual, or adjoint.

(a) Suppose A is a square matrix. Then det A" = det A.
(b) Suppose T € L(V). Thendet T" = det T.
(c) Suppose V is an inner product space and T € L(V). Then det(T*) = det T.

Theorem 9.34. Suppose V is an inner product space and S € L(V) is a unitary operator. Then
|det S| = 1.

Proof. Because S is unitary, I = S*S. Thus
1 = det(S*S) = (det S*)(det S) = (det S) (det S) = | det S|*.

Theorem 9.35. Suppose V is an inner product space and T € L(V) is a positive operator. Then
detT > 0.

Theorem 9.36. Suppose V is an inner product space and T € L(V'). Then

|det T| = \/det(T*T) = product of singular values of T.

Theorem 9.37. Suppose F = C and T € L(V). Let A4, ..., A, denote the distinct eigenvalues of
T, and let d,, ..., d,, denote their multiplicities. Then

det(z] — T) = (z — A% -+ (z — A,)%.

A new definition that is equivalent to 8.18 when F = C.

Definition 9.38. Suppose T € L(V). The polynomial defined by

z — det(zl — T)
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is called the characteristic polynomial of T.

Theorem 9.39. Cayley-Hamilton, extended Suppose T € L(V') and q is the characteristic
polynomial of T. Then q(T) = 0.

Proof. If F = C, then the equation q(T) = 0 follows from 8.20.

Now suppose F = R. Fix a basis of V, and let A be the matrix of T with respect to this basis. Let S
be the operator on C%™" such that the matrix of S (with respect to the standard basis of C™V) is
A. For all z € R we have

q(z) = det(zI — T) = det(z] — A) = det(zI — S).

Thus g is the characteristic polynomial of S. The case F = C (first sentence of this proof) now
implies that

0 = q(5) = q(A) = q(T). —
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