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Overview

Main Contribution
The first generalization guarantee for data-driven tuning of
variable-selection rules in branch-and-bound for IP.

We are going to check in this presentation

▶ What this sentence means.

▶ Why is this meaningful.

▶ Why is this hard & this paper’s approach.

▶ Extensions & Experiments.
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Integer Programs (IPs)

a

maximize 𝒄 ∙ 𝒙
subject to 𝐴𝒙 = 𝒃

𝒙 ∈ {0,1}𝑛

NP-hard

6
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Branch and Bound (B&B)

• Most widely-used algorithm for IP-solving (CPLEX, Gurobi)

• Recursively partitions search space to find an optimal solution
• Organizes partition as a tree

• Many parameters
• CPLEX has a 221-page manual describing 135 parameters

“You may need to experiment.”

7

6 / 30



Intro

Branch and Bound

Algorithm Overview

Variable Selection Policies

Deriving Generalization Bounds

Experiments

Conclusion

7 / 30



B&B

1. Choose leaf of tree

2. Branch on a variable

3. Fathom leaf if:
i. LP relaxation solution is 

integral

ii. LP relaxation is infeasible

iii. LP relaxation solution 
isn’t better than best-
known integral solution

max (40, 60, 10, 10, 3, 20, 60) ∙ 𝒙

s.t. 40, 50, 30, 10, 10, 40, 30 ∙ 𝒙 ≤ 100

𝒙 ∈ {0,1}7
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B&B

1. Choose leaf of tree

2. Branch on a variable

3. Fathom leaf if:
i. LP relaxation solution is 

integral

ii. LP relaxation is infeasible

iii. LP relaxation solution 
isn’t better than best-
known integral solution

This talk: How to choose which variable?
(Assume every other aspect of B&B is fixed.)

29
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Variable selection policies (VSPs)

Score-based VSP:

At leaf 𝑸, branch on variable 𝒙𝒊 maximizing
𝐬𝐜𝐨𝐫𝐞 𝑸, 𝒊

Many options! Little known about which to use when
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136

1, 0, 0, 1, 0,
1

2
, 1
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1, 1, 0, 0, 0, 0,
1

3
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𝑥2 = 0 𝑥2 = 1

32
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Variable selection policies

For an IP instance 𝑄:

• Let 𝑐𝑄 be the objective value of its LP relaxation

• Let 𝑄𝑖
− be 𝑄 with 𝑥𝑖 set to 0, and let 𝑄𝑖

+ be 𝑄 with 𝑥𝑖 set to 1

Example.

1

2
, 1, 0, 0, 0, 0, 1

140

1,
3

5
, 0, 0, 0, 0, 1

136

0, 1, 0, 1, 0,
1

4
, 1

135

𝑥1 = 0 𝑥1 = 1

max (40, 60, 10, 10, 3, 20, 60) ∙ 𝒙
s.t. 40, 50, 30, 10, 10, 40, 30 ∙ 𝒙 ≤ 100

𝒙 ∈ {0,1}7

𝑐𝑄1− 𝑐𝑄1+

𝑐𝑄
𝑄

34
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Variable selection policies

And many more…

The (simplified) product rule [Achterberg, 2009]

Branch on variable 𝑥𝑖 maximizing:

score 𝑄, 𝑖 = 𝑐𝑄 − 𝑐𝑄𝑖
− ∙ 𝑐𝑄 − 𝑐𝑄𝑖

+

The linear rule (parameterized by 𝝁) [Linderoth & Savelsbergh, 1999]

Branch on variable 𝑥𝑖 maximizing:

score 𝑄, 𝑖 = 𝜇min 𝑐𝑄 − 𝑐𝑄𝑖
− , 𝑐𝑄 − 𝑐𝑄𝑖

+ + (1 − 𝜇)max 𝑐𝑄 − 𝑐𝑄𝑖
− , 𝑐𝑄 − 𝑐𝑄𝑖

+

36

13 / 30



Variable selection policies

Given 𝑑 scoring rules score1, … , scored.

Goal: Learn best convex combination 𝜇1score1 +⋯+ 𝜇𝑑scored.

Branch on variable 𝑥𝑖 maximizing:

score 𝑄, 𝑖 = 𝜇1score1 𝑄, 𝑖 + ⋯+ 𝜇𝑑scored 𝑄, 𝑖

Our parameterized rule

37
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Generalization needs low complexity
Uniformly over all branching parameters µ,∣∣∣∣∣ 1

m

m∑
i=1

costµ(Qi) − EQ∼D[costµ(Q)]
∣∣∣∣∣ ≤ ε(m, δ).

ε ≈ complexity(C)︸ ︷︷ ︸
ability to overfit samples

+

√
log(1/δ)

m︸ ︷︷ ︸
concentration

, C = {costµ : µ ∈ [0, 1]}.

µ

cost
cost∗

Q(µ)
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First try: Discretization

1. Discretize parameter space

2. Receive sample problems from unknown distribution

3. Find params in discretization with best average performance

𝜇

Average tree size

41
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Discretization gone wrong

𝜇

Average tree size

This can 

actually 

happen!

44
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Proof Intuition: Discontinuity
13:28 M.-F. Balcan et al.

Fig. 8. Illustrations of the proof of Theorem 3.24.

and costµ (Q) be the size of the tree produced by B&B. For all even n ≥ 6 and all µ∗ ∈ ( 1
3 ,

1
2 ), there

exists an in!nite family Fn,µ∗ of MILP instances such that, for any Q ∈ Fn,µ∗ , if µ ∈ [0, µ∗), then the
scoring rule µscore1 + (1 − µ)score2 results in a B&B tree with O(1) nodes and if µ ∈ (µ∗, 1], the
scoring rule results a tree with 2(n−4)/2 nodes.

Puoof S$e&c(. The MILP instances in Fn,µ∗ are inspired by a worst-case B&B instance intro-
duced by Jeroslow [1974]. He proved that for any odd n′, every B&B algorithm will build a tree
with 2(n′−1)/2 nodes before it determines that for any c ∈ Rn′ , the following MILP is infeasible:

maximize c · x
subject to 2

∑n′
i=1 x[i] = n′

x ∈ {0, 1}n′
.

We build o) of this MILP to create the in*nite family Fn,µ∗ . Each MILP in Fn,µ∗ combines a
hard version of Jeroslow’s instance on n − 3 variables {x[1], . . . ,x[n − 3]} and an easy version on
3 variables {x[n − 2],x[n − 1],x[n]}. B&B only needs to determine that one of these problems is
infeasible in order to terminate. The key idea of this proof is that if B&B branches on all variables in
{x[n−2],x[n−1],x[n]} *rst, it will terminate upon making a small tree. However, if B&B branches
on all variables in {x[1], . . . ,x[n − 3]} *rst, it will create a tree with exponential size before it
terminates. The challenge is to design an objective function that enforces the *rst behavior when
µ < µ∗ and the second behavior when µ > µ∗. Proving this is the bulk of the work.

In a bit more detail, every instance in Fn,µ∗ is de*ned as follows: For any constant γ ≥ 1, let
c1 = γ (1, 2, . . . ,n − 3) and let c2 = γ (0, 3

2 , 3 − 1
2µ∗ ). Let c = (c1,c2) ∈ Rn be the concatenation of c1

and c2. Let Qγ ,n be the MILP

maximize c · x
subject to 2

∑n−3
i=1 x[i] = n − 3

2 (x[n − 2] + x[n − 1] + x[n]) = 3
x ∈ {0, 1}n .

We de*ne Fn,µ∗ = {Qn,γ : γ ≥ 1}.
For example, if γ = 1 and n = 8, then Qγ ,n is

maximize
(
1, 2, 3, 4, 5, 0, 3

2 , 3 − 1
2µ∗

⎫
· x

subject to
⎬
2 2 2 2 2 0 0 0
0 0 0 0 0 2 2 2

⎭
x =

⎬
5
3

⎭
x ∈ {0, 1}8.

J. ACM, Vol. 71, No. 2, Article 13. Publication date: April 2024.
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Fig. 9. Illustrations of the construction from Theorem 3.25.

As is illustrated in Figure 9, we have essentially “glued together” two disjoint versions of Jeroslow’s
instance: the urst uve variables ofQ1,8 correspond to a “big” version of Jeroslow’s instance and the
last three variables correspond to a small version. Since the goal is maximization, the solution to the
LP relaxation of Q1,8 will try to obtain as much value from the urst uve variables {x[1], . . . ,x[5]}
as it can, but it is constrained to ensure that 2(x[1] + · · · + x[5]) = 5. Therefore, the urst uve
variables will be set to (0, 0, 1

2 , 1, 1). Similarly, the solution to the LP relaxation of Q1,8 will set
(x[6],x[7],x[8]) = (0, 1

2 , 1) because 3
2 < 3 − 1

2µ∗ under our assumption that µ∗ > 1
3 . Thus, the

solution to the LP relaxation of Q1,8 is (0, 0, 1
2 , 1, 1, 0,

1
2 , 1). There are only two fractional variables

that B&B might branch on: x[3] and x[7]. Straightforward calculations show that if T is the B&B
tree so far, which just consists of the root node, µscore1(T ,Qγ ,n , 3)+(1−µ)score2(T ,Qγ ,n , 3) = γ

2
and µscore1(T ,Qγ ,n , 7)+ (1− µ)score2(T ,Qγ ,n , 7) = 3γ

4 − µγ
4µ∗ . This means that B&B will branch

urst on variable x[7], which corresponds to the small version of Jeroslow’s instance (see Figure 9(b))
if and only if γ

2 <
3γ
4 − µγ

4µ∗ , which occurs if and only if µ < µ∗. We show that this urst branch sets o"
a cascade: if B&B branches urst on variable x[7], then it will proceed to branch on all variables in
{x[6],x[7],x[8]}, thus terminating upon making a small tree. Meanwhile, if it branches on variable
x[3] urst, it will then only branch on variables in {x[1], . . . ,x[5]}, creating a larger tree.

In the full proof, we generalize beyond eight variables to n and expand the large version of
Jeroslow’s instance (as depicted in Figure 9(a)) from uve variables to n − 3. When µ < µ∗, we
simply track B&B’s progress to make sure it only branches on variables from the small version of
Jeroslow’s instance (x[n−2],x[n−1],x[n]) before uguring out the MILP is infeasible. Therefore, the
tree will have constant size. When µ > µ∗, we prove by induction that if B&B has only branched
on variables from the big version of Jeroslow’s instance (x[1], . . . ,x[n−3]), it will continue to only
branch on those variables. We also prove it will branch on about half of these variables along each
path of the B&B tree. The tree will thus have exponential size. !

4 EXPERIMENTS
In this section, we provide two sets of experiments. First, in Section 4.1, we show that the parameter
of the variable-selection policy in B&B algorithms for MILP impacts the average tree size generated
for several domains, and no parameter value is optimal across these distributions. We illustrate this
phenomenon for the speciuc variable selection policies we analyze in Section 3 and refer the reader
to the wealth of papers summarized in Section 1.2 that have illustrated this phenomenon for other
aspects of branch-and-bound. Our focus in Section 4.1 is to provide additional evidence that using
an automated approach to tuning these parameters can have a sizable impact on the performance
of tree search (not to propose a state-of-the-art parameter optimization algorithm).

Next, in Section 4.2, we illustrate the data-dependent bounds developed in Section 3.3.1. We
demonstrate that this data-dependent approach can lead to signiucantly smaller generalization
bounds than the worst-case bounds from Section 3.2.2 when the dual functions are well approxi-
mated by piecewise-constant functions with few pieces.

J. ACM, Vol. 71, No. 2, Article 13. Publication date: April 2024.
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Simple assumption

Exists 𝜅 upper bounding the size of largest tree willing to build

Common assumption, e.g.:

• Hutter, Hoos, Leyton-Brown, Stützle, JAIR’09

• Kleinberg, Leyton-Brown, Lucier, IJCAI’17

47
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𝜇 ∈ [0,1]

Lemma: For any two scoring rules and any IP 𝑄,

𝑂 (# variables)𝜅+2 intervals partition [0,1] such that:

For any interval [𝑎, 𝑏], B&B builds same tree across all 𝜇 ∈ 𝑎, 𝑏

Much smaller in our experiments!

Useful lemma

48
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Useful lemma

Proof idea.

• Continue dividing [0,1] into intervals s.t.:

In each interval, var. selection order fixed

• Can subdivide only finite number of times

• Proof follows by induction on tree depth

Lemma: For any two scoring rules and any IP 𝑄,

𝑂 (# variables)𝜅+2 intervals partition [0,1] such that:

For any interval [𝑎, 𝑏], B&B builds same tree across all 𝜇 ∈ 𝑎, 𝑏

𝜇

branch on 

𝑥2 then 𝑥3

branch on 

𝑥2 then 𝑥1

53
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Data-dependent bounds: approximation vs. complexity
13:22 M.-F. Balcan et al.

Fig. 4. Examples of dual functions f ∗z : R→ R (solid blue lines) which are approximated by simpler functions
д∗z (do!ed black lines).

under the Lp -norm for some p < ∞). In a bit more detail, suppose that F is a set of functions
fµ : Z → [0,H ] mapping an abstract domain Z (for example, a set of integer programs) to an
interval [0,H ], parameterized by vectors µ from some set R. In the context of integer programming,
fµ = costµ—the cost function. The dual functions f ∗z : R → [0,H ] are deuned as f ∗z (µ) = fµ(z),
just as we deuned the dual function cost∗Q (µ) = costµ(Q) in Section 3.1 for any integer program
Q . We illustrate how one dual function might approximate another in Figure 4. In Section 3.3.3, we
instantiate these guarantees in the context of integer programming.

3.3.1 Generally Applicable Generalization Bounds. First, we deune what it means for two sets
of dual functions to approximate each other. We use the notation F ∗ =

{
f ∗z : z ∈ Z}

to denote the
dual class—the set of all dual functions.

De!nition 3.16 ((γ ,p)-approximate). Let F = { fµ | µ ∈ R} and G = {дµ | µ ∈ R} be two sets
of functions mapping an abstract domain Z to [0,H ]. We assume that all dual functions f ∗z and д∗z
are integrable over the domain R. We say that the dual class G∗ (γ ,p)-approximates the dual class
F ∗ if for every element z ∈ Z, the distance between the functions f ∗z and д∗z is at most γ under
the Lp -norm. For p ∈ [1,∞), this means that

⎫⎫f ∗z − д∗z
⎫⎫

p := p
⎬⎭

R | f ∗z (µ) − д∗z (µ)|p dµ ≤ γ and when
p = ∞, this means that

⎫⎫f ∗z − д∗z
⎫⎫
∞ := supµ∈R | f ∗z (µ) − д∗z (µ)| ≤ γ .

We show that if the dual class F ∗ is (γ ,∞)-approximated by the dual of a class G with small
Rademacher complexity, then the Rademacher complexity of F is also small. The full proof of the
following theorem in Appendix B.1.

The$re& 3.17. Let F = { fµ | µ ∈ R} and G = {дµ | µ ∈ R} consist of functions mapping Z to
[0,H ]. For any S ⊆ Z, R̂S(F ) ≤ R̂S(G) + 1

|S |
∑

z∈S
⎫⎫f ∗z − д∗z

⎫⎫
∞ .

Pr$$f S(e)*h. To prove this theorem, we use the fact that for any parameter vector µ ∈ R,
any element z ∈ Z, and any binary value σ ∈ {−1, 1}, σ fµ(z) = σ f ∗z (µ) ≤ σд∗z (µ) +

⎫⎫f ∗z − д∗z
⎫⎫
∞ =

σдµ(z) +
⎫⎫f ∗z − д∗z

⎫⎫
∞ . !

If the class G∗ (γ ,∞)-approximates the class F ∗, then 1
|S |

∑
z∈S

⎫⎫f ∗z − д∗z
⎫⎫
∞ is at most γ . If this

term is smaller than γ for most sets S ( Dm , then the bound on R̂S(F ) in Theorem 3.17 will often
be even better than R̂S(G) + γ .

Theorems 3.6 and 3.17 imply that with probability 1−δ over the draw of the set S ( Dm , for all
parameter vectors µ ∈ R, the di+erence between the empirical average value of fµ over S and its

J. ACM, Vol. 71, No. 2, Article 13. Publication date: April 2024.

Trade-off
The data-dependent bound has the form

generalization error ≲ ∥F − G∥∞︸ ︷︷ ︸
approximation error

+ complexity(Gj)︸ ︷︷ ︸
estimation error

.
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Useful lemma: higher dimensions

Lemma: For any 𝑑 scoring rules and any IP,

a set ℋ of 𝑂 (# variables)𝜅+2 hyperplanes partitions 0,1 𝑑 s.t.:

For any connected component 𝑅 of 0,1 𝑑 ∖ℋ,

B&B builds the same tree across all 𝝁 ∈ 𝑅

57
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Other Extentions
13:14 M.-F. Balcan et al.

Fig. 2. Illustrations to accompany the definition of a path-wise scoring rule (Definition 3.1). If the scoring
rule score is path-wise, then for any variable x[i], score(T ,Q, i) = score(T ′,Q, i) = score(TQ ,Q, i).

search tree T , we denote the path from the root of T to the node Q as TQ . The path TQ includes
all nodes and edge labels from the root of T to Q . For example, Figure 2(b) illustrates the path TQ
from the root of the tree T in Figure 2(a) to the node labeled Q . We now state the deunition of
path-wise scoring rules.

De!nition 3.1 (Path-Wise Scoring Rule). The function score is a path-wise scoring rule if for all
search trees T , all nodes Q in T , and all variables x[i],

score(T ,Q, i) = score(TQ ,Q, i) (4)

where TQ is the path from the root of T to Q .2 See Figure 2 for an illustration.

Deunition 3.1 requires that if the node Q appears at the end of the same path in two di"erent
B&B trees, then any path-wise scoring rule must assign every variable the same score with respect
to Q in both trees.

Path-wise scoring rules include many well-studied rules as special cases, such as the most frac-
tional, product, and linear scoring rules, as deuned in Section 2.1.2. The same is true when B&B only
partially solves the LP relaxations ofQ−

i andQ+i for every variable x[i] by running a small number
of simplex iterations, as we describe in Section 2.1.2; this is our approach in our experiments. In
fact, those scoring rules depend only on the node in question, rather than the path from the root to
the node. We present our bound for the more general class of path-wise scoring rules because this
class captures the level of generality the proof holds for. On the other hand, pseudo-cost branching
[Bénichou et al. 1971; Gauthier and Ribière 1977; Linderoth and Savelsbergh 1999] and reliability
branching [Achterberg et al. 2005], two widely used branching strategies, are not path-wise, but
our more general results from Section 3.2.2 do apply to those strategies.

In order to prove our guarantees, we make use of the following key structure, which bounds
the number of search trees B&B will build on a given instance over the entire range of parameters.
In essence, this is a bound on the intrinsic complexity of the algorithm class deuned by the range
of parameters, and this bound on the algorithm class’s intrinsic complexity implies this section’s
generalization guarantee.

2Under this deunition, the scoring rule can simulate B&B for any number of steps starting at any point in the tree and use
that information to calculate the score, so long as Equality (4) always holds.

J. ACM, Vol. 71, No. 2, Article 13. Publication date: April 2024.

Path-Wise Scoring Rule for better bounds (by n instead of κ).

Taking log to reduce nonlinear combination of scoring rules of the
form Πd

i=1scoreµi
i to convex combinations.

Constraint Satisfaction Problems.

27 / 30
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Experiments: What is being demonstrated?

The authors tune the branching score parameter µ and measure
the resulting B&B tree size on different problem distributions.

▶ Main empirical observation. The optimal µ varies
substantially across domains, so there is no single universally
good branching parameter.

▶ Data-dependent bounds. They also compare the worst-case
generalization bound with the data-dependent bound from
Section 3.3. The data-dependent bound is often much
smaller, suggesting that the observed dual cost functions have
low effective complexity.

29 / 30



Takeaways

▶ What IP and B&B are. Why learning is needed.

▶ Why discretization failed to give generalization.

▶ How the structural traits led to generalization.

▶ Data-dependent generalization bounds.

▶ What kind of experiments can be carried out.

Recommended to check: Rademacher Complexity.

Questions?
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